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commutativity of the tensor product. =

We can now show that the torsion product of A and B depends only on
the torsion submodules of A and B.

11 coroLLARY Let A and B be modules and let i: Tor A C A and
j: Tor B C B. Then i *j: Tor A % Tor B =~ A * B.

PROOF There is a short exact sequence
0 — Tor B B — B/Tor B— 0

where B/Tor B is without torsion. By lemma 5, A * (B/Tor B) = 0, and, by
corollary 9, 1 #j: A # Tor B =~ A * B. By a similar argument, there is an iso-
morphism ¢ % 1: Tor A * Tor B = A * Tor B, and the composite of these gives
the result. =

We use these results to extend the universal-coefficient theorem. Given a
chain complex C over R, a free approximation of C is a chain map 7: C — C
such that

(a) Cis a free chain complex over R.
(b) 7 is an epimorphism.
(c) 7 induces an isomorphism . : H(C) =~ H(C).

12 LemMMa  Any chain complex C has a free approximation, uniquely deter-
mined up to homotopy equivalence.

PROOF For each g > 0 choose a homomorphism ag: F; — Zy(C) such that F,
is a free R module and a4 is an epimorphism. Let F; = a,71(B4(C)) and
choose a homomorphism B4 F; — Cgy1 such that 94,18, = aq| F§ [such a
homomorphism exists because Fj is free and 04,1: Cqy1 —> By(C) is an epimor-
phism]. Define C;, = F, ® F;_; and define homomorphisms

0g Cq— Cye1 by d4(a,b) = (b,0)
Tqt Cq — G by To(a.b) = aq(a) + Bg-1(b)

Then C = {C,,d,} is a free chain complex and 7 = {r,} is a chain map from

Cto C. 7 is epimorphic because 74(C,) D ker 3, and 8,47,(C,) D im 9,. Since
Z(C) = F,, B{(C) = Fj, and 14(Z(C)) = aq(Fy), it follows that

Tt Zo(C)/By(C) = Z4(C)/By(C)

Therefore 7: C — C is a free approximation of C. The uniqueness will follow
from lemma 13 below. =

. I nmC— Cis a free approximation of C, there is a subcomplex
C={C,=kerry: C;— C;} of C and a short exact sequence of chain
complexes

0-C5HCHC—0

Because 7, : H(C) = H(C), it follows from the exactness of the homology
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sequence of the above short exact sequence that C is acyclic (see corollary
4.5.5a). Since C is a free chain complex (because it is a subcomplex of a free
chain complex), it follows from theorem 4.2.5 that C is contractible. We use
this in the following lemma.

13 Lemma  Given a free approximation m: C — C of C and given a free
chain complex C' and a chain map 1: C' — C, there exist chain maps
7: C' — C such that v ° T = 1/, and any two are chain homotopic.

PROOF As above, there is a short exact sequence of chain complexes
0->CHLCLHC—0
where C is chain contractible. Let D = (Dg: €y — C,i1) be a contraction

of C. Because C} is free and 7,: C, — C, is an epimorphism, there is a homo-
morphism ¢4 C; — C, such that 7,9, = 74. Then

he = 04%q — Pg-19g: Cq — Co1
and
Tq-1hg = 'rq-léqq’q — Tq-19q-10q = 0qTq®q — T4-104
= aq"ré — ’T:]‘la:] =0

Therefore h, is a homomorphism of Cg into i(Cq_y). It follows immediately
that 7 = {7, = @4 — iDy_1i"1h,} is a chain map 7: C' — C such that 77 = 7'.
If 7, 7: C" — C are chain maps such that 77 = 77, then 7 — 7 = 4 for
some chain map ¢: C' — C. It follows immediately that
D = (D = iDgg: C; — Cyy1)
is a chain homotopy from 7 to 7. =
If Cis a chain complex over R and G is an R module, let C * G be the

chain complex C * G = {C, * G, 9, * 1}. We use this in the general universal-
coeflicient theorem.

14 THEOREM On the subcategory of the product category of chain complexes
C and modules G such that C * G is acyclic there is a functorial short exact
sequence

0 — Hy(C) ® G5 Hy(C;G) — Hy1(C) * G — 0
and this sequence is split.

proor Let 7: C — Cbe a free approximation to C (which exists, by lemma 12),
and consider the short exact sequence

0>CHLCHC—>0

in which C is acyclic. By the characteristic property of the torsion product,
there is an exact sequence of chain complexes

0-C*G->CRGCLBLERGBLCRG—0
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from which we get two short exact sequences
05C*Go>CRG->m(iI®1)—0
0->im(i®NCCRCELCRG—0

In the first of these C * G is acyclic by hypothesis, and C ® G is also acyclic
(by theorem 8, because C is free and acyclic). From corollary 4.5.5¢ it follows
that im (i ® 1) is also acyclic. In the second exact homology sequence this
implies that

(r®1),: HC ® G) = HC ® G)

The desired short exact sequence is now defined, so that the following diagram
is commutative

0 — HQ(C’)®G$HQ<C®G)—>Hq,1<C’)*G—>O
7*®1i iu@m* if*n
00— Hq(C)®G$HQ(C®G)—>H(,,1(C)*G—->O

where the upper row is the short exact sequence of theorem 8 (it is possible
to define the unlabeled homomorphism in the bottom sequence to make the
diagram commutative because all the vertical homomorphisms are isomor-
phisms). Then the bottom sequence splits because the top one does.

The functorial property of the resulting short exact sequence (and the
fact that it is independent of the particular free approximation of C) follows
from lemma 13. =

It should be emphasized again that the sequence of theorem 14 does not
split functorially.

13 coroLrarY Let 7: C — C' be a chain map between torsion-free chain
complexes such that t,: H(C) = H(C'). For any R module G, T induces an
isomorphism

1o H(C;G) = H(C";G)
proor This follows from the functorial exact sequence of theorem 14 and

the five lemma. =

In corollary 15, if C and C’ are free, then 7 is a chain equivalence (by
theorem 4.6.10), and sois 7 ® 1: C ® G — C’ ® G. Therefore 7,.: HC;G) =
H(C';G). Corollary 15 shows that the latter fact remains true (even though
need not be a chain equivalence) for chain complexes without torsion.

3 THE KUNNETH FORMULA

In this section we extend the universal-coefficient theorem to obtain the
Kiinneth formula expressing the homology of the tensor product of two chain
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complexes in terms of the homology of the factors. This is given geometric
content by the Eilenberg-Zilber theorem asserting that the singular complex
of a product space is chain equivalent to the tensor product of the singular

complexes of the factor spaces.

If C and C’ are graded R modules, their tensor product C ® C’ is the
graded module {(C ® C),}, where (C® C')g = Pi+j=¢ Ci ® Cj.. Similarly,
their torsion product C * C' is the graded module {(C # C'); = @.j=¢ Ci * Cj}.
If C and C’ are chain complexes, their tensor product [and torsion product]
are chain complexes {(C ® C"),, 37} [and {(C * C), 2,}], where if ¢ € C;
and ¢’ € C; with i 4+ j = g, then

0'(c ® ¢') = 0ic ® ¢’ + (=1)ic ® djc
[and {i,l Ci+ G =0; %1+ (—1)11 # 9/]. It is easy to verify that C &® C' [and

C # ('] really are chain complexes. We shall see later that the tensor product
arises naturally in studying product spaces.

If C'is a chain complex such that C; = 0 for ¢ 5 0, then C ® C’ is the
same as the tensor product of C with the module Cj. Therefore the tensor
product of two chain complexes is a natural generalization of the tensor
product of a chain complex with a module. It is reasonable to expect that
there is a generalization of the universal-coefficient theorem to express the
homology of C ® C’ in terms of the homology of C and of C'.

We define a functorial homomorphism of degree 0

u: H(C) ® H(C') — H(C ® C)

If ¢ €Z;(C) and ¢ € Z;(C"), then ¢ ® ¢’ € Z;,;,(C® C"), and if ¢ or ¢ is
a boundary, so is ¢ ® ¢’. Therefore there is a well-defined homomorphism g
such that

w{c} ®{c}) = {c® ¢}

This homomorphism enters in the following Kiinneth formula.

1 1emma Let C and C' be chain complexes, with C’ free. Then there is a
functorial short exact sequence

0 — [H(C) ® H(C')]g % Hy(C ® C') — [H(C) * H(C)]g—1 — 0
If C is also free, this short exact sequence is split.

PROOF As in the proof of theorem 5.2.8, let Z’' and B’ be the complexes
(with trivial boundary operators) defined by Z) = Z,(C’) and Bj; = B,_1(C).
There is a short exact sequence of chain complexes

072 —>C—>B -0
Since C’ is free, so is B’, and there is a short exact sequence
05CR®Z 5CRC >CRB -0

from which we obtain an exact homology sequence
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- H(C® Z') — Hy(C ® C') — Hy(C ¥ B & H, 1(C® 7)) —
Note that C ® Z' = @ C/, where (C¥), = Cy; ® Z;(C") and C ®B =@Ci,
where (C1), = Cq_; ® B;_1(C). Since Z;(C’) and B;(C’) are free, it follows from
theorem 5.2.14 that
H,(C®Z) @HC7~@H Y & Zi(C)
i+j=q
4C ® B) @H (Ciy= @ H(C)® BT
i+j=q-1
The map 2, corresponds under these isomorphisms to the homomorphism
(—1)! ® yj, where v; is the inclusion map y;: B{(C’) C Z;{(C"). Therefore there
is a short exact sequence
0— @ [coker (—1)i ® y;] = He(C ® C') — @ [ker (—1)i®y]—0
i+=q i+i=gq-1
To compute the two sides of this sequence, consider the short exact
sequence

0 — By(C) S0 7,(C) — Hi(C) — 0

Because Z;(C') is free, it follows from corollary 5.2.9 that there is an exact
sequence

0 — Hy(C) * H{(C') — Hi(C) ® B{(C') "2 Hy(C) ® Z,(C)
— H;(C) ® Hy(C") — 0
Hence
@ [eoker (—1)i ® v = @ H{(C) ® HyC)
i+i=q i+j=q
and
@ lker (=1)i®v]= @B H(C)*H(C)
i+j=q-1 i+j=g—1
Substituting these into the short exact sequence above gives a short exact
sequence

0 — [H(C) ® H(C)]q 2> Hy(C ® C') — [H(C) * H(CN]g-1— 0

We now verify that » is the map p. Given {c¢} € H(C) and {c'} € H(C),
then {c¢} ® ¢/ € H(C) ® Z(C') and {c} ® ¢ = {¢ ® ¢'}eonc) Therefore
v({c} ® {¢'})) = {¢ ® '}eoc = p({c} @ {¢'}). Thus we have the desired
short exact sequence, and it is clearly functorial.

Assuming that C is also free, we can show that the sequence splits. By
lemma 5.1.11, it suffices to find a left inverse for p. Because C and C’ are free,
so are B(C) and B(C’'), and there are homomorphisms p: C — Z(C) and
p': C' — Z(C') such that p(c) = ¢ for ¢ € Z(C) and p'(¢') = ¢’ for ¢’ € Z(C).
Then

p®p:C®C — Z(C) ® Z(C)
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maps B(C ® C’)(which is contained in the union of im [B(C) ® C' — C & C’]
and im [C ® B(C') — C ® C’]) into the union of im [B(C) ® Z(C') —
Z(C) ® Z(C")] and im [Z(C) ® B(C') — Z(C) & Z(C')]. Therefore the composite

zZeceoycex o 2BP, 7(C) ® Z(C') — H(C) ® H(C')
maps B(C ® C’) into 0 and induces a homomorphism
H(C® C") — H(C) ® H(C)
which is a left inverse of u. =

A similar functorial short exact sequence can be defined if C (instead of C")
is assumed free. The two short exact sequences are identical when C and C’
are both free.l

2 cororrary If C'is a free chain complex and either C or C’ is acyclic,
then C ® C' is acyclic. =

We now extend lemma 1 to obtain the following general Kiinneth
formula.

3  tHEOREM On the subcategory of the product category of chain complexes
C and C' such that C * C’ is acyclic there is a functorial short exact sequence

0 — [H(C) ® H(C)]q > Ho(C ® ') — [H(C) * H(C)]g-1 — O
and this sequence is split.

proo¥ Lett: C— Cand 1: C' — C be free approximations. Then there is
a short exact sequence

0-C5HC5C—0

where C’ is acyclic. Since C’ is free, the six-term exact sequence becomes the
exact sequence

0-C*C->CRC->CRCLELCRC -0

Since C * C' is acyclic by hypothesis and C ® C’ is acyclic by corollary 2, it
follows (as in the proof of theorem 5.2.14) that there is an isomorphism

(1®7),: HC® C) = HC® C)
There is also a short exact sequence
0-CHCHC—0
where C is acyclic. Since C is free, there is a short exact sequence
0-CRC->CRCELC®RT -0
By corollary 2, C ® C' is acyclic, and we have an isomorphism
(1® 1),: HC® C) = HC® C)

1 This is proved in G. M. Kelley, Observations on the Kiinneth theorem, Proceedings of the
Cambridge Philosophical Society, vol. 59, pp. 575-587, 1963.
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Hence the composite (1 ® 1), = (1 ® 7), (7 ® 1), is an isomorphism of
H(C ® C’) onto H(C ® C'). The desired short exact sequence is now defined
so that the following diagram is commutative

0 — H(C)® H(C") £ H(C® C) — H(C)* HC') — 0
T*®T;‘\L l(T@T/)* l«‘r**n’“
0 — H(C)® H(C) £ H(C® C) — H(C)* HC) — 0
where the top row is the short exact sequence of lemma 1 (it is possible to
define the homomorphisms in the bottom row to make the diagram commu-
tative because the vertical homomorphisms are isomorphisms). The bottom
sequence splits because the top one does.
The functorial property of the sequence (and the fact that it is independ-

ent of the free approximations C and C’) follow from the functorial property
of the sequence in lemma 1 and from lemma 5.2.13. =

If C and C’ are chain complexes over R and G and G’ are R modules,
the composite

HIC® G)® HIC' ® G) 4 H[(C® G) ® (C ® G —
H[(C® C) ® (G ® G]

[where the right-hand homomorphism is induced by the canonical isomorphism
CRG®ICR®G)=(CR®C)®(G® G is a functorial homomorphism

v HC;G) ® HC;G) — HC® C'; G® Q)
called the cross product. If z € H(C;G) and 7’ € H(C';G’), then
2XZ €HC®C; C®G)
denotes the image of z ® 2’ under this homomorphism [that is, z X 7 =

Wiz ® 2)).

4  coroLLARY Given torsion-free chain complexes C and C' and modules
G and G’ such that G * G’ = 0, there is a functorial short exact sequence

0 — [H(C;:G) ® H(C';GN]y % H(C ® C; G ® G —
[H(C,G) = HC',GN]4o1 — 0
and this sequence is split.

PROOF  This follows from theorem 3 once we verify that (C ® G) # (C' ® G')
is trivial. To show that (C ® G) * (C' ® G') =0,let0 > F —- F — Gbe a
free presentation of G. Because G * G’ = 0, there is an exact sequence

0->FR®GC-SFR®G-GROGE =0
and since C and C’ are without torsion, there is an exact sequence

0> (CROF)®(C®G)— (CRFH®(C ®GC) —
CR®G)®(CRGC)—0
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Because there is also a short exact sequence
0->COF-SCROF->C®G—-0

where C ® F is without torsion, it follows that (C ® G) # (C"' ® G’) is isomor-
phic to the kernel of the homomorphism

CROFRICRG - CRFNR(CRG)
and henceis 0. =

The cross product has the following commutativity with connecting
homomorphisms.

5 tuEOREM Let 0 — C — C — C — 0 be a split short exact sequence of
chain complexes and let z € H(C;G) and z' € H(C';G'). Then

05 (2 X ) = 02 X &
0% (7 X 2) = (—1)de822’ X 0,2

prOOF We have a commutative diagram of chain maps

0> C®G - C®aG - C®G — 0
7l 17 I

00— (C=’®G)®(C’®G/) - CRQVCRGE) - (COGRICRG)—0

with exact rows, with the vertical maps defined by forming the tensor product
on the right with ¢’ € Z(C" ® G’), where 2’ = {¢'} [that is, 7(c) = ¢ ® ¢ for
¢ € C ® GJ. Because ¢’ is a cycle, each vertical map is a chain map. Because
the connecting homomorphism is functorial, we obtain a commutative diagram

HC®G) ™ H(C® G)® (C® Q) - H(C® C)® (G &)
%) A, la*

HC®G) ™ H(C®G®(C®G) - HIEC®C)® (G G)

in which each vertical map is a suitable connecting homomorphism. The top
row sends z into z X 2, and the bottom row sends 0,z into 942z X 2. This
gives half the result. The second half follows by a similar argument, the only
difference being that the tensor product formed on the left with ¢’ is not a
chain map but either commutes or anticommutes with the boundary operator,
depending on the degree of ¢’. This accounts for the presence of the factor
(—1)deg = in the second equation. =

The following Eilenberg-Zilber theorem! is the link between the algebra
of tensor products and the geometry of product spaces.

6 THEOREM On the category of ordered pairs of topological spaces X and
Y there is a natural chain equivalence of the functor A(X X Y) with the
functor AX) ® A(Y).
1 The theorem appears in S. Eilenberg and J. A. Zilber, On products of complexes, American
Journal of Mathematics, vol. 75, pp. 200-204, 1953.
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prROOF We show that both functors are free and acyclic with models
{Ar,A9}, o50. Let dn € A(A™ X Am) be the singular simplex which is the
diagonal map A" — A" x An If 0: A» — X X Y is any singular n-simplex,
then o is the composite
Andy An s An IX X oy

where ¢’ = p1° o and ¢’ = pp° 0, and p; and p, are the projections of
X X Yto X and Y, respectively. Conversely, given ¢’: A» — X and ¢’: A? — 7,
there is a corresponding 0 = (¢' X 0”)d,: A" — X X Y. Therefore the
singleton {d,} is a basis for A,(X X Y), so A(X x Y) is free with models
{An,An}, and hence also free with models {A?,A4}. Since A? and A¢? are each
contractible, so is A? X A¢. Therefore A(A? X A9) is acyclic, and we have
proved that A(X X Y) is a free acyclic functor with models {Ar,A%}.

Since A,(X) is free with a basis &, € A,(A?) and A(Y) is free with basis
£, € Ay(A9), it follows that Ay(X) ® Ay(Y) is free with the basis

€ @ &g € A,(A7) ® Ag(A9).

Then [A(X) ® A(Y )], is free with the basis {£, ® £;}p,4=n. Hence A(X) ® A(Y)
is free with models {A?,A¢}. Since & A(A?) — Z and e: A(A%) — Z are chain
equivalences, it follows that

e®e AAP) ® AA) - Z QR Z =7

is also a chain equivalence. Hence, by lemma 4.3.2, the reduced complex of
A(Ar) @ A(A9) is acyclic, and we have shown that A(X) ® A(Y) is also free
and acyclic with models {A?,A9}. The theorem now follows by the method of
acyclic models. =

The same technique based on the method of acyclic models can be used
to prove the following results.

7 THEOREM Given X, Y, and Z, there is a chain homotopy commutative
diagram

A(XXY)x Z) =~ AX X (Y X Z))
=] I=
[AX) @ AY)] ®AZ) = AX) ® [A(Y) ® A(Z)]

where the vertical maps are the natural chain equivalences of theorem 6. =

8 rtHEOREM For any X and Y there is a chain homotopy commutative
diagram

AXXY) = AY XX
=7 ES
AX) ® A(Y) = A(Y) ® AX)
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where the bottom map sends x ® y to (—1)deezdegv y & x and the vertical

maps are the natural chain equivalences of theorem 6. =

The sign in theorem 8 is necessary to make the map a chain map (that
is, to make it commute with the boundary operators).

Given topological pairs (X,A) and (Y,B), we define their product
(X,A) X (Y,B) to be the pair (X X ¥, X X B U A X Y). Then we have the
following relative form of the Eilenberg-Zilber theorem.

9 tHEOREM On the category of ordered pairs of topological pairs (X,A)

and (Y,B) such that {X X B, A x Y} is an excisive couple in X X Y there is

a natural chain equivalence of AX X Y)/AX X BUA X Y) with

[A(X)/A(A)] @ [A(Y)/A(B)].

PROOF Because {X X B, A X Y } is an excisive couple, the natural map
AX X Y)[AX XB) +AAX Y- AX X Y)/AXXBUAXY)

is a chain equivalence. By theorem 6 there is a functorial equivalence of
A(X) ® A(Y) with A(X X Y) taking A(X) ® A(B) and A(A) ® A(Y) into
A(X X B) and A(A X Y), respectively. Hence there is a functorial chain
equivalence of the quotient

AX) ® A(Y)/[AX) @ A(B) + A(A) ® A(Y)] = [A(X)/A(A)] @ [A(Y)/A(B)]
with the quotient
AX X Y)/[AX X B) + A(A X Y)]
Combining these two chain equivalences gives the result. =
For any two pairs (X,A) and (Y,B) we define the homology cross product
p': Hy(X,A; G) ® Hy(Y,B; Q') — Hy,o((X,A) X (Y,B); G ® ()
to be equal to the cross product
Hy([AX)/AA)] ® G) ® Hy([AY)/AB)] ® G)

!
Hy.o([A(X)/A(A)] @ [A(Y)/AB)]) ® (G ® G)

followed by the functorial homomorphism of the bottom module to
H, fAX X Y)/AX X BUAXY); G®G)
If 2 € Hy(X,A; G) and 2’ € Hy(Y,B; ('), then we write
2 X 7 = Wz ® 7) € Hyol(X,A) X (Y.B) G ® C)

Because A(X)/A(A) and A(Y)/A(B) are free, we can combine theorem 9
with corollary 4 to obtain the following Kiinneth formula for singular
homology.
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10 tHeoreM If {X X B, A X Y} is an excisive couple in X X Y and G
and G’ are modules over a principal ideal domain such that G * G' = 0,
there is a functorial short exact sequence

0 — [H(X,A; G) ® H(Y,B; G')]; &5 Hy(X,A) X (Y,B); G ® G) —
[H(X,A; G) # H(Y,B; G')],_1 — 0
and this sequence is split. »

In particular, if the right-hand term vanishes (which always happens if R
is a field), then the cross product is an isomorphism

w: HX,A; G) ® H(Y,B; G') = H(X,A) X (Y,B); G ® &)
The following formulas are consequences of the naturality of u and of
theorems 5, 7, and 8.
11 Let f: (X,A) — (X,A") and g (Y,B) — (Y'.B') be maps and let
z € Hy(X,A; G) and 7 € Hy(Y,B; G'). Then, in the module
Hyool (X,A") X (Y,B); G ® G)
we have .
(fX ez XZ)=frz X gz ®
12 Let p: (X,A) X Y — (X,A) be the projection to the first factor and let
e: HY;G') — G’ be the augmentation map. For z € Hy(X,A; G) and
Z € H{(Y;G"), in Hy {(X,A; GQ G,
Pz X 7) = Wz ® &z) =
13 Forz € Hy(X,A; G), 2 € H(Y,B; ), and 2" € H{Z,C; G”), in
Hpq:d(XA) X (YV,B) X (Z,C); G® G ® G,
we have
X (@ XZF)=(zZX2Z)Xz =

14 Let T: (X,A) X (Y,B) = (Y.B) X (X,A) and ¢: G ® G — G ® G inter-
change the factors. For z € Hy(X,A; G) and z' € H(Y,B; G'), in
Hp . ((Y,B) X (X,A); G ® G'), we have

Te(z X &) = (= 1)P9pe (7' X 2) ®

18 Let {(X1,A1), (X2,A2)} be an excisive couple of pairs in X and let
z € Hy(X1 U Xz, A1 U Ag; G) and 2 € H(Y,B; G'). For the connecting homo-
morphisms of appropriate Mayer-Vietoris sequences we have

O(zX z') =0z X 2’
in Hp+qh1((X1 N X, A1 N A2> X (Y,B), G® G,) and
0+(z' X 2) = (—1)%' X 0«2z

in Hp+q_1((Y,B) X (Xl N Xz, A1 N Az); G ® G) L]
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4 COHOMOLOGY

A chain complex has a differential of degree — 1. Related to this is the con-
cept of a cochain complex, which has a differential of degree + 1. Cochain
complexes have many of the properties of chain complexes, and this section
is devoted to a discussion of these properties. The functor Hom associates to
every chain complex a cochain complex, and vice versa. The cohomology
module of a topological pair with coefficients G is the homology module of
the cochain complex associated in this way to the singular complex of the pair.
The last part of the section is devoted to a brief discussion of axiomatic
cohomology theory.

Throughout this section R will denote a commutative ring with a unit.
A cochain complex (over R), denoted by C* = {(4,87}, is a graded R module
together with a homogeneous differential & of degree + 1 called the cobound-
ary operator (thus 6%: C7 — Ca*1 and §97169 = O for all q). The kernel of &
is the module of cocycles Z(C*), and the image of § is the module of
coboundaries B(C*). Then B(C*) C Z(C*), and the cohomology module
H(C#*) is defined to be the quotient Z(C*)/B(C*).

If C* is a cochain complex, there is a chain complex C defined by

= C%and 02 C; — C4q1 equal to 6% C ¢ — C 91, Then H,(C) =

H~9(C*), and the cohomology module of C* corresponds to the homology
module of C. In this way results about chain complexes give results about co-
chain complexes. Thus we have the concepts of cochain map and cochain
homotopy, and there is a category of cochain complexes and cochain homotopy
classes of cochain maps. The cohomology module is a covariant functor from
this category to the category of graded modules. Furthermore, given a short
exact sequence of cochain complexes

0-C* 5 C* 5 Cc* 50
there is a functorial connecting homomorphism
8*: H(C*) — H(C*)
of degree + 1 and a functorial exact cohomology sequence
. — Ho(C*) & Hety(C#*) &5 Hovy(C#*) B garycx) &

Passing from a cochain complex to a chain complex by changing the
sign of the degree gives us the following analogues of theorems 5.2.14 and
5.3.3.

1 tHEOREM Given a cochain complex C* and a module G such that
C* = G is acyclic, there is a functorial short exact sequence

0— Ho(C*) ® G £ HY(C* ® G) — HI*(C*) % G — 0

and this sequence is split. ®
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2 tHEOREM Given cochain complexes C* and C'* such that C¥ % C'*
is an acyclic cochain complex, there is a functorial short exact sequence

0— [H*(C*)® H*(C'*)le & Hi(C* ® C'*) —
[H*(C*)* H*(C'*)}st1 - 0
and this sequence is split. =

There is also an analogue of corollary 5.3.4 for cochain complexes which
we shall not state as a separate theorem. If C* is a cochain complex over R
and G is an R module, an augmentation of C* over G is a monomorphism
n: G — COsuch that §° ° y = 0. An augmented cochain complex over G con-
sists of a nonnegative cochain complex C* (that is, C? = 0 for ¢ < 0) and an
augmentation of C* over G. Such an augmentation can be regarded as
a monomorphic chain map of the cochain complex (also denoted by G) whose
only nontrivial cochain module is G in degree 0 to C*. For this trivial
cochain complex G it is clear that HY(G) = 0 for ¢ # 0 and H%QG) = G.
Therefore n induces a monomorphism n%*: G — HYC#*). The reduced
cochain complex C* of an augmented cochain complex C* is defined to be
the quotient cochain complex Ce = Ca for q#0, Co = coker 7, and 87 is
suitably induced by 6¢. We define H(C*) = H(C*). Because there is a short
exact sequence of cochain complexes

0->GLC* > C* >0
we see that Hi(C*) = He(C*) for g # 0, and there is a short exact sequence
0— G — HC*) — H(C*) - 0

Our interest in cochain complexes is in their relation to chain complexes.
If Cis a chain complex over R and G is an R module, there is a cochain
complex Hom (C,G) = {Hom (C,,G), 67}, where, if f€ Hom (Cy,G), then
8¢f € Hom (Cy,1,G) is defined by

(8f )(c) = flg+10) ¢ € Cyin

We also write ( f,c) instead of f(c) and set ¢ f,c) = 0 if deg f =~ deg c.
In this notation (8%,c) = { f,94:1¢).

If C is augmented by & Cy — G’, then Hom (C,G) is augmented by
n: Hom (G',G) — Hom (Co,G), where 7(f)(c) = fle(c)) for ¢ € Co and
f € Hom (G,G). It is easy to verify the following result.

3 tHEOREM There is a functor of two arguments contravariant in chain
complexes C and covariant in modules G which assigns to a chain complex C
and module G the cochain complex Hom (C,G). =

For a chain complex C and module G we define the cohomology module
H*(C;G) = {HY(C;G)} of C with coefficients G by
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He(C;G) = H9(Hom (C,())

It follows from theorem 3 that H*(C;G) is a contravariant functor of C and a
covariant functor of G to the category of graded modules. For a chain map
7: C— C weuse 7*: H*(C';G) — H*(C;G) to denote the homomorphism
induced by the cochain map Hom (r,1): Hom (C',G) — Hom (C,G), and for a
homomorphism ¢: G — G’ we use ¢, : H*(C;G) — H*(C,G’) to denote the
homomorphism induced by the cochain map Hom (1,¢): Hom (C,G) —
Hom (C,G’). To distinguish the homology of C from its cohomology, we shall
sometimes denote H(C;G) by H, (C;G).

4 exampLE Given an abelian group G and a simplicial pair (K,L), the
oriented cohomology group of (K,L) with coefficients G, denoted by
H*(K,L; G), is defined to be the graded cohomology group of the cochain
complex Hom (C(K)/C(L), G) [which is augmented over Hom (Z,G) = GJ].
Then H*(K,L; G) is a contravariant functor of (K,L) and a covariant functor
of G to the category of graded abelian groups. If G is also an R module,
H*(K,L; G) is a graded R module.

5 EexamprLE If (X,A) is a topological pair and G is an abelian group, the
singular cohomology group of (X,A) with coefficients G, denoted by
H*(X,A; G), is defined to be the graded cohomology group of the cochain
complex Hom (A(X)/A(A), G) (which is augmented over G). It is contravariant
in (X,A) and covariant in G, and if G is an R module, H*(X,A; G) is a graded
R module. If (X",A") C (X,A)and u € H*(X,A; G), we use u | (X',A") to denote
the element of H* (X',A’; G) equal to i * u, where i: (X,A") C (X,A). We also
use 1 € HO(X;R) to denote the image of 1 € R under the augmentation
n: R — HO(X;R).

We recall some properties of the functor Hom. The following analogue
of corollary 5.1.6 is easily established.

6 1EmMMA Given an exact sequence of R modules
Al5A—-A">0
and an R module B, there is an exact sequence
0 — Hom (A”,B) — Hom (A,B) — Hom (A".B) =

If A” — A is a monomorphism [that is, if 0 — A" — A is also exact], it
need not be true that Hom (A,B) — Hom (A’,B) is an epimorphism, [that is,
that Hom (A,B) — Hom (A’,B) — 0 is exact]. However, there is the following
analogue of corollary 5.1.12 (which follows easily by using lemma 5.1.11).

7 Lemma  Given a split short exact sequence of R modules
0>A>5>A—>A">0

and an R module B, the sequence
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0 — Hom (A”,B) — Hom (A,B) — Hom (A’,B) — 0
is a split short exact sequence. =
In case 0 - C' — C — C” — 0 is a split short exact sequence of chain

complexes, it follows from lemma 7 that for any module G there is a short
exact sequence of cochain complexes

0 — Hom (C”,G) — Hom (C,G) — Hom (C',G) — 0
This gives the following result.

8 tHEOREM Given a split short exact sequence of chain complexes
0->C—->C—->C"-0
and a module G, there is a functorial exact cohomology sequence
. — HY(C";G) — HYC;G) — HY(C;G) S H(C'G)— ... =

This leads to an exact Mayer- Vietoris cohomology sequence analogous to
the exact sequence of corollary 5.1.14.

9 coroLLary If {(X1,A1), (X2,A2)} is an excisive couple of pairs in a
topological space and G is an R module, there is a functorial exact cohomology
sequence

-8 Ha(Xy U Xz, Ay U Ag; G) L5 Ho(Xy, Ag; G) @ He(Xp,Ag; G) 25
HiXy N Xz, A; N Ag; G)SS -

where 7* (W) = (T (W), 75 (W) and i* (u, + w) = i} w, — i3 wy and b, iy, fi,
and j, are suitable inclusion maps. =

If {X;} is the set of path components of X, then A(X) = @) A(X)).
Therefore Hom (A(X);G) = X; Hom (A(X;),G), and by theorem 4.1.6, we ob-
tain the following result.

10 taEOREM The singular cohomology module of a space is the direct
product of the singular cohomology modules of its path components. =

Because the homology functor does not commute with inverse limits, it is
not true that the singular cohomology of a space is isomorphic to the inverse
limit of the singular cohomology of its compact subsets (that is, there is no
general cohomology analogue of theorem 4.4.6).

There is an exact cohomology sequence corresponding to a short exact
sequence of coeflicient modules (analogous to theorem 5.2.7).

11 TtHEOREM On the category of free chain complexes C over R and short
exact sequences of R modules

0G5CH G -0
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there is a functorial connecting homomorphism
B*: H¥*(C,G") —» H*(C;G)
of degree 1 and a functorial exact sequence
. — H9(C;G') % H9(C;G) > Hi(C;G") &5 H(C,G) —
PROOF  Because Cis free, there is a short exact sequence of cochain complexes
0 — Hom (C,G) % Hom (C,G) 2, Hom (C.G"Y—0
where @ and i are induced by ¢ and y. The result follows from this. =

The connecting homomorphism 8* in theorem 11 is called the Bockstein
cohomology homomorphzsm corresponding to the coefficient sequence
0-G5HGH G —0.

Let G be an R module. A cohomology theory with coefficients G consists
of a contravariant functor H* = {H¢} from the category of topological pairs
to graded R modules and a natural transformation 8 *: H*(A) — H*(X,A) of
degree 1 such that the following axioms hold.

12 nomorory axiom If fo, fi: (X,A) — (Y,B) are homotopic, then
H*(fo) = H*(f1): H*(Y,B) - H*(X,A)

13 ExacINess axiom  For any pair (X,A) with inclusion maps i: A C X and
j: X C (X,A), there is an exact sequence

- 85 Hox,A) 2UY) goxy 2O HoA) 85 Hot1(XA)

14 excisionN axiom  For any pair (X,A) if U is an open subset of X such
that U C int A, then the excision map j: (X — U, A — U) C (X,A) induces
an isomorphism

H*(j): H*(X,A) = H*(X — U, A — U)

13 piMENsioN axtoM  On the category of one-point spaces there is a natural
equivalence of the constant functor G with the functor H* .

Singular cohomology theory with coefficients G is an example of a coho-
mology theory with coefficients G (the exactness axiom following from the
application of corollary 9 to a suitable couple). The uniqueness theorem is
valid for cohomology theories (that is, a homomorphism from one cohomology
theory to another which is an isomorphism for one-point spaces is an isomor-
phism for compact polyhedral pairs).

The reduced cohomology modules H* of a cohomology theory are
defined as follows. If X is a nonempty space, let ¢: X — P be the unique map
from X to some one-point space P. The reduced module H*(X) is defined to
be the cokernel of the homomorphism

H*(c): H*(P) — H*(X)

Because c has a right inverse, H* (c) has a left inverse. Therefore
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H*(X) =~ 0*(X) ® H*(P)

and the reduced modules have properties similar to those of the reduced
singular cohomology modules.

5 THE UNIVERSAL-COEFFICIENT THEOREM
FOR COHOMOLOGY

This section is devoted to relations between cohomology and homology of
chain complexes. In order to express the cohomology of a chain complex in
terms of its homology it is necessary to introduce certain functors of modules
which are associated to the module of homomorphisms of one module to
another in much the same way that the torsion products are associated to the
tensor product. Over a principal ideal domain there is one associated functor,
the module of extensions. We use this to formulate the universal-coefficient
theorems and Kiinneth formulas established in the section.

Let C be a free resolution of the module A and let B be a module. There
is a cochain complex Hom (C,B) = {[Hom (C,B)]? = Hom (C,,B), 87} whose
cohomology module depends only on A and B, up to canonical isomorphism
(and not on the choice of C). Let C be the canonical free resolution of A and
define Ext? (A,B) = H4(Hom (C,B)). Then Ext? (A,B) is a functor of two
arguments contravariant in A and covariant in B, and Ext° (A,B) is naturally
equivalent to Hom (A, B).

For the rest of this section we assume R is a principal ideal domain. Then,
Ext? (A,B) = 0 for g > 1, and the module of extensions Ext (A, B) is defined to
equal Ext! (A, B). It is characterized by the property that given any free presenta-

tion of A 05 Ci % Co— A0
there is an exact sequence

0 — Hom (A,B) — Hom (Co,B) 222V, Hom (Cy,B) — Ext (A,B) — 0
In fact, because Hom (Cs,B) = 0,

Ext (A,B) = HY(C;B) = Hom (C1,B)/im [Hom (94,1)]
coker [Hom (94,1)]

Il

Clearly, Ext (A,B) is contravariant in A and covariant in B. Its name derives
from its connection with the extensions of B by A which we describe briefly
after the following examples.

1 If A is free, it has the free presentation
0-0—-A—>A>0
from which it follows that Ext (A,B) = 0 for any B.
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2 For vE R, v # 0 there is a short exact sequence
0—-R5R—->R/vR—0

where a(v') = vv’ for v’ € R, which is a free presentation of R/vR. For any
R module B, Hom (R,B) =~ B and the homomorphism Hom (a,1): Hom (R,B) —
Hom (R,B) corresponds to a*: B — B, where o* (b) = vb. Hence there is an
isomorphism coker Hom (a,1) =~ B/vB, and we have proved

Ext (R/vR,B) =~ B/vB =~ (R/vR) ® B

Since Hom commutes with finite direct sums, it follows that for any finitely
generated torsion module A there is an isomorphism (nonfunctorial)

Ext (A B)=~A®B
because such a module A is a finite direct sum of cyclic modules (by theorem
4.14 in the Introduction).
An extension of B by A is a short exact sequence
0>B—-E—>A->0

With a suitable definition of equivalence of extensions (by a commutative
diagram), of the sum of two extensions, and of the product of an extension
by an element of R, there is obtained a module whose elements are equiva-
lence classes of extensions of B by A. This module is isomorphic to Ext (A,B). In
fact, given an extension 0 —» B — E — A — 0 and a free presentation of A,
0— C; — Cp— A — 0, there is, by theorem 5.2.1, a commutative diagram

O-—)C1—9C0
~
2 %0 A—>0
Prad
0—- B —» E

uniquely determined up to chain homotopy. Then ¢; € Hom (Cy,B) is unique
up to im [Hom (Co,B) — Hom (Cy,B)], and so determines an element of
Ext (A,B). This function from extensions of B by A to Ext (A,B) induces an
isomorphism of the module of equivalence classes of extensions with Ext (A,B).

Given a graded module C = {C,}, there is a graded module Ext (C,B) =
{[Ext (C,B)}e = Ext (Cg4,B)}. If C is a chain complex, Ext (C,B) is a cochain
complex with

07 = Ext (0441,1): Ext (Cg,B) — Ext (Cyy1,B)
A homomorphism
h: H(C;G) — Hom (H,(C;G), G ® ')
natural in C and G is defined by
r{fINZ e B g} = Zflo) O g
for {f} € H(C;G) and {Z¢; ® gi} € Hy(C;G') [after verification that
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2 fle;) ® gi is independent of the choice of f in its cohomology class
and 2 ¢; ® g in its homology class]. For u € H?(C;G) and z € Hy(C;G') we
define (u,z) € G ® G’ to be 0 if p 7 g and to be h(u)(z) if p = g. In this
notation

U {2a®g)y =2 (fiay ® g

The homomorphism h enters in the following universal-coefficient
theorem for cohomology.

3  THEOREM Given a chain complex C and module G such that Ext (C,G)
is an acyclic cochain complex, there is a functorial short exact sequence

0 — Ext (H,_1(C),G) — HY(C,G) 2 Hom (H,(C),G) — 0
and this sequence is split.

PROOF We first consider the case in which C is a free chain complex. There
is then a short exact sequence of chain complexes

0»>Z—->C—>B—->0

where Z, = Z,(C) and B, = B,_1(C). This sequence is split because B is free,
and by theorem 5.4.8, there is an exact cohomology sequence

- — H\(Z;G) &5 Ha(B;G) — HYC;G) — HY(Z;G) 25 Ha+1(B;G) — - ..

Since Z and B have trivial boundary operators, H(Z;G) = Hom (Z,(C),G)
and H9(B;G) = Hom (B,_1(C),G). Furthermore, the homomorphism

8%: HiZ;G) — Ha*1(B;G)

equals Hom (y4,1): Hom (Z,(C),G) — Hom (B,(C),G), where v,: By(C) C Z,(C).
Hence there is a functorial short exact sequence

0 — coker [Hom (y,-1,1)] = HY(C;G) — ker [Hom (y4,1)] — 0

To interpret the modules in the above sequence we have the short exact
sequence

0 — By(C) 1% Z,(C) — Hy(C) — 0

which is a free presentation of Hy(C). By the characteristic property of Ext,
there is an exact sequence

0 — Hom (H,(C),G) — Hom (Z(C),G;) Hom ),
Hom (B,(C),G) — Ext (H,(C),G) — 0

Therefore, ker [Hom (y4,1)] = Hom (H,(C),G) and coker [Hom (y,,1)] =~
Ext (Hg(C),G). Substituting these into the short exact sequence containing
HY(C;G) yields the desired short exact sequence

0 — Ext (H,_1(C),G) — H(C;G) — Hom (H,(C),G) — 0
with the homomorphism H9(C;G) — Hom (Hy(C),G) easily verified to equal h.
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This sequence is functorial and is split (because the sequence of chain
complexes

0-72Z—-C—->B—-0

is split).

For arbitrary C such that Ext (C,G) is acyclic, the result follows by using
a free approximation to C (as in the proof of theorem 5.2.14) to reduce it to
the case of a free complex. =

It follows from theorem 3 that if X is a path-connected topological
space, then H%X;R) is a free R module generated by 1 [or, in other words,
the augmentation map is an isomorphism 7: R = H(X;R)]. From theorems 3
and 5.4.10, it follows that for any X, HO(X;G) is isomorphic to the direct product
of as many copies of G as path components of X.

4  coroLLARY If (X,A) is a topological pair such that Hy(X,A;R) is finitely
generated for all q, then the free submodules of HY(X,A; R) and H,(X,A;R)
are isomorphic and the torsion submodules of Hi(X,A; R) and H,_1(X,A; R)
are isomorphic.

PROOF Let Hy(X.A; R) = F;, ® T,, where F, is free and T, is the torsion
module of H,. Then

Hom (Hy(X,A; R), R) = Hom (F;,R) ® Hom (T,,R) =~ F,
and by example 2,
Ext (Hy(X,A; R), R) = Ext (F,R) ® Ext (T,,R) = T,
The result follows from theorem 3. =

For many purposes it would be more useful to have a formula expressing
H*(C;G) in terms of H*(C;R). Such a formula can be proved in the case of
C or G finitely generated. We begin by establishing some properties of
finitely generated modules.

Let u: Hom (A,G) ® G’ — Hom (A, G ® G’) be the functorial homo-
morphism defined by u(f ® g')(a) = fla) ® ¢ for f € Hom (A,G), g € G,
and a € A.

3 1eEmMa If Ais a free module and G’ is finitely generated, then for any
module G, u is an isomorphism.

PROOF The result is trivially true if G’ = R. Because the tensor product and
Hom functors both commute with finite direct sums, it is also true if G’ is a
finitely generated free module. G’ is assumed to be finitely generated, so there
is a short exact sequence

05C->GCGo>G =0
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where G (hence also G) is a finitely generated free module. There is a com-
mutative diagram
Hom (A,G) ® G — Hom (A,G) ® G — Hom (A,G) ® G’ — 0
il ml wd
Hom (A, G® G) - Hom (A, G ® G) — Hom (A, G® G)— 0
with exact rows (exactness follows from corollary 5.1.6 and, for the bottom

row, from the fact that A is free). Because i and ji are isomorphisms, it
follows from the five lemma that p is also an isomorphism. =

There is also a functorial homomorphism
p: Hom (A,G) ® Hom (B,G') — Hom (A ® B, G ® @)

defined by u(f ® f')(a@ ® b) = fla) ® f'() for f € Hom (A,G), f’ € Hom (B,G"),
a€ A,and b € B. In case B = R, Hom (B,G') = G/, and p corresponds to
the homomorphism in lemma 5.

6 Lemma If Bis a finitely generated free module, for arbitrary modules
A and G, p is an isomorphism

p: Hom (A,G) ® Hom (B,R) =~ Hom (A ® B, G)
PROOF  The result is trivially true for B = R and follows for a finite sum of

copies of R because both sides commute with finite direct sums. =

7 cororrary If A and B are free modules and either A and B or B and G’
are finitely generated, p. is an isomorphism

p: Hom (A,G) ® Hom (B,G') =~ Hom (A ® B, G ® @)
PROOF  Since A and B are free, so is A ® B. If A and B are finitely gener-
ated, so is A ® B, and there is a commutative diagram
[Hom (R,G) ® Hom (A,R)] ® [Hom (R,G") ® Hom (B,R)] £> Hom (R, G ® G') ® Hom (A ® B, R)

p®u | Le
Hom (A,G) ® Hom (B,G’) % Hom (A® B,G® )

in which (i ® f2) ® (fs ® fu)) = p(fi ® fs) ® u( fo ® fa). By lemma 6, f
is an isomorphism and so are both vertical maps. Therefore the bottom map
is also an isomorphism.

If B and G’ are finitely generated, there is a commutative diagram

Hom (A,G) ® Hom (B,R) ® G’ L%, Hom (A,G) ® Hom (B,G")
n®1] le
Hom (A® B,G)® G’ > Hom (A ® B, G ® ()

By lemma 5, both horizontal maps are isomorphisms, and by lemma 6, the
left-hand vertical map is an isomorphism. Therefore the right-hand map
is also an isomorphism. =
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It follows from lemma 5 that if A is free and finitely generated, p is an
isomorphism

p: Hom (A,R) ® A =~ Hom (A,A)
The following lemma is a partial converse of this result.
8 vLemma If A is a module such that

p: Hom (A,R) ® A — Hom (A,A)
is an epimorphism, then A is finitely generated.

pROOF By hypothesis, there exist f; € Hom (A,R) and a; € Afor 1 <i <n
such that (2 f; ® a;) = 14. Then, for any a € A

a=pZ2f; ®a)a) = 2 fila)a
showing that A is generated by {a;}. =

A graded module {C,} is said to be of finite type if C, is finitely gener-
ated for every q. Thus a graded module C of finite type is finitely generated
(as a graded module) if and only if C; = 0, except for a finite set of integers g.
The following lemma asserts that a chain complex whose homology is of
finite type can be approximated by a chain complex of finite type.

9 vLEmMa Let C be a free chain complex such that H(C) is of finite type.
Then there is a free chain complex C' of finite type chain equivalent to C.

proor For each g let F; be a finitely generated submodule of Z,(C) such
that F, maps onto H,(C) under the epimorphism Z,(C) — Hy(C). Let F; be
the kernel of the epimorphism F;— Hy(C). Define a chain complex
C' = {Cqogt by Cg = F; @ Fy_q and 94(c,c’) = (¢’,0) for ¢ € Fyand ¢’ € Fy_;.
Then C’ is a free chain complex of finite type and Hy(C') = Fy/Fy = Hy(C).
To define a chain equivalence 7: C' — C, choose for each g a homomorphism
@g: Fj — Cyy1 such that 04,194(c’) = ¢ for ¢ € F;. Then define 7 by 7(c,c’) =
¢ + @q-1(¢) for ¢ € Fyand ¢’ € F4_4. 7 is a chain map and induces an isomor-
phism 7,: H(C') = H(C). Because C' and C are both free, it follows from
theorem 4.6.10 that 7 is a chain equivalence. =

We are now ready for the universal-coefficient theorems toward which
we have been heading.

10 tHEOREM Let C be a free chain complex and G be a module such that
either H(C) is of finite type or G is finitely generated. Then there is a func-
torial short exact sequence

0 — HY(C;R) ® G % H9(C;G) — HT"{(C;R) # G — 0
and this sequence is split.
prooF If G is finitely generated, it follows from lemma 5 that

u: Hom (C,R) ® G =~ Hom (C,G)
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Because Hom (C,R) is without torsion, Hom (C,R) * G = 0, and the result
follows from theorem 5.4.1.

If H(C) is of finite type, we use lemma 9 to replace C by a free chain
complex C’ of finite type. By corollary 7, u: Hom (C',R) ® G =~ Hom (C',G),
and the result again follows for C’ (and hence for C) from theorem 5.4.1. =

In a similar way we obtain the following Kinneth formula for cohomology.

11 TteEOREM Let C and C' be nonnegative free chain complexes and G and
G' be modules over a principal ideal domain such that G * G' = 0 and either
H(C) and H(C') are of finite type or H(C') is of finite type and G' is finitely
generated. Then there is a functional short exact sequence

0 — [H*(C;G) ® H*(C';G")]t > H(C® C; G® G) —
[H*(C;G) * H¥*(C";GN]et1 - 0
and this sequence is split.

prooF If H(C) and H(C’) are of finite type, by lemma 9, we can replace C
and C" by free chain complexes of finite type. Hence we are reduced to
proving the result for the case where C and C’ have finite type or where C’
has finite type and G’ is finitely generated. By corollary 7, there is an isomor-
phism g: Hom (C,G) ® Hom (C’,G’) = Hom (C ® C’, G ® G’). The result
will now follow from theorem 5.4.2 as soon as we have verified that
Hom (C,G) * Hom (C',&) is acyclic.

We show that Hom (C,G) * Hom (C’,G") = 0. In case C and C’ are both
of finite type, Hom (C,,G) is isomorphic to a finite direct sum of copies of G
and Hom (Cy,G) is isomorphic to a finite direct sum of copies of G’. Because
G#G =0 by hypothesiss, Hom (C,,G) * Hom (C,,G’) =0, and so
Hom (C,G) * Hom (C',G") = 0 in this case.

In case C’ is of finite type, Hom (Cy,G’) is isomorphic to a finite direct
sum of copies of G'. Hence it suffices to show that Hom (C,G) * G’ = 0 if G’
is finitely generated. Let

0-G-G—>G =0

be a free resolution of G’ with G finitely generated. Because G * G’ = 0,
there is a short exact sequence

05G®GC->GROGC->GRG —0
and a short exact sequence of cochain complexes (because C is free)
0 — Hom (C, G ® G) — Hom (C, G ® G) — Hom (C, G ® G') — 0
Using lemma 5, this implies the exactness of the sequence
0 — Hom (C,G) ® G — Hom (C,G) ® G — Hom (C,G) ® G’ — 0

Hence Hom (C,G) # G’ = 0, and so Hom (C,G) * Hom (C',G’) = 0 in either
case. ®
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If A is a free finitely generated module, then
A =~ Hom (Hom (A,R), R)

Since Hom (A,R) is also free and finitely generated, it follows from corollary 7
that

A ® G = Hom (Hom (A,R), R) ® Hom (R,G) =~ Hom (Hom (A,R), G)
We use this to express homology in terms of cohomology.

12 tHEOREM Let C be a free chain complex such that H(C) is of finite
type. For any module G there is a functorial short exact sequence

0 — Ext (H**Y(C;R), G) — Hy(C;G) %> Hom (H%(C;R), G) — 0
and this sequence is split.

PROOF By lemma 9, we are reduced to the case where C is of finite type.
Then C ® G = Hom (Hom (C,R), G), and the result follows, by theorem 3,
on changing Hom (C,R) to a chain complex by changing the sign of the
degree. =

The following result is a version of lemma 8§ valid for homology that is a
partial converse to theorem 10.

13 tueoreEm Let C be a free chain complex such that for every module G
the map p: Hom (C,R) ® G — Hom (C,G) induces isomorphisms of all coho-
mology modules. Then Hy (C) is of finite type.

PROOF Because p: Hi(Hom (C,R) ® Hy(C)) = Hi(Hom (C,Hy(C))), it follows
from theorem 3 that there exist f; € Hom (CgR) and z; € Hy(C) such that
hu{Z fi ® zi} .= lgyc- Then, for any z € Hy(C) we have

2= ({2 fi ®z)},2) = 2 {(fir)zi
showing that Hy(C) is generated by z;. =

Note that if the short exact sequence of theorem 10 is valid for a given C
for all G, then the hypothesis of theorem 13 is satisfied, and so H(C) is
of finite type.

6 CUP AND CAP PRODUCTS

There is a cross product of cohomology classes from the tensor product of the
cohomology of two spaces to the cohomology of their product space. By
using the diagonal map of a space into its square, the cross product gives rise
to a product in the cohomology module of a space. This multiplicative struc-
ture provides cohomology with more structure than just the essentially additive
module structure. In this section we shall define these products and establish
some of their elementary properties.
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If {X X B, A X Y} is an excisive couple in X X Y, there is a cohomology
cross product

w': Hp(X,A; G) ® HY(Y,B; G') — Hr*9((X,A) X (Y,B); G ® &)
induced by the functorial homomorphism
Hom (A(X)/A(A),G) ® Hom (A(Y)/A(B),G")
bl
Hom ([A(X)/A(A)] ® [A(Y)/A(B)], G ® @)

followed by an Eilenberg-Zilber cochain equivalence of the bottom module
with Hom (A(X X Y)/AX X BUA X Y), G® G). Ifu € H(X,A; G) and
v € HYY,B; G'), we define

u X v=p(u®v) € Hrq(X,A) X (Y,B); G® G
From theorem 5.5.11 we obtain the following Kiinneth formula for

singular cohomology.

1  tHEOREM Let {X X B, A X Y} be an excisive couple in X X Y and

let G and G’ be modules such that G * G’ = 0. If H, (X,A; R) and H, (Y,B; R)

are of finite type or if Hy (Y,B; R) is of finite type and G’ is finitely generated,

there is a functorial short exact sequence

0 — [H*(X.A; G) ® H*(Y,B; G')]a £> Hy(X,A) x (Y,B); G ® G') —
[H*(X,A; G) # H*(Y,B; G')]¢*1 — 0

and this sequence is split. =

The cohomology cross product satisfies the following analogues of state-
ments 5.3.11 to 5.3.15.

2 Let f: (X,A) > (X,A") and g: (Y,B) — (Y',B’) be maps and let
v € HP(X',A’; G) and v’ € H(Y',B’; G'). Then, in H?*4((X,A) X (Y,B); G ® G'),
we have

(f X @*Ww X v)=f*u' X g¥o' =

3 Let p: (X,A) X Y — (X,A) be the projection to the first factor and let
m G — H*(Y;G') be the augmentation map. For u € H(X,A; G), in
HY{(X,A) X Y; G ® @), we have

Pruu®g)) =uxng) =
4 For u € H*(X,A; G), v € H(Y,B; G'), and w € H(Z,C; G"), in
Hrrat7((X,A) X (Y,B) X (Z,C); G ® G’ ® G"), we have
uX(PXw=WuXxXoXw 8

5 Let T: (X,A) X (Y,B) > (Y,B) X (X,A) and ¢: GO G - G ®G
interchange the factors. For u € H?(X,A; G) and v € Ha(Y,B; G'), in
Hrto((X,A) X (Y,B); G’ ® G), we have
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T*(o X u) = (=179, (u X v) =

6 Let {(X1,A1), (X2,A2)} be an excisive couple of pairs in X and let
u € H(Xy N X3, A1 N Ay; G) and v € HY(Y,B; G'). For the connecting
homomorphisms of appropriate Mayer-Vietoris sequences we have

8¥(u X v)=086*uxv
in Hptat1(Xq U Xo, A1 U Ag) X (Y,B); G ® G') and
8*(v X u) = (=19 X 8*u
in Ho+at1((Y,B) X (X1 U Xz, A1 U A3); G’ @ G). »

Consider the two functors A(X) and A(X) ® A(X) on the category of
topological spaces. Because A(X) is free with models {A%},.0 and A(X) @ A(X)
is acyclic with models {A%} 4.0 [that is, the reduced complex of A(A?) ® A(A9)
is acyclic for all q], it follows from the acyclic-model theorem 4.3.3 that
there exist functorial chain maps 74: A(X) — A(X) ® A(X) preserving aug-
mentation, and any two are chain homotopic. Such a functorial chain map is
called a diagonal approximation. The name stems from the fact that if
7h AX X X) = A(X) ® A(X) is a functorial chain equivalence given by the
Eilenberg-Zilber theorem and d: X — X X X is the diagonal map, then the
composite

AX) A9 AX X X) T AX) ® A(X)

is a diagonal approximation.

We construct a particular diagonal approximation called the Alexander-
Whitney diagonal approximation. If o: A7 — X is a singular g-simplex, the
front i-face ;o is defined for 0 < i < g to equal the composite ¢ ° A, where
A: At — Ad is the simplicial map defined by A(p;) = p; for 0 <j < i. Similarly,
the back i-face o; is defined for 0 <i < g to equal the composite o ° A’,
where A: A* — A¢ is the simplicial map defined by A'(p;) = pjrq-i for
0 < <i. Itis easy to verify that

’T(U) = 2 i0 ® (o]
i+j=dego
defines a functorial chain map 7: A(X) — A(X) ® A(X), and this chain map is
the Alexander-Whitney diagonal approximation.

Let G and G’ be R modules. A pairing of G and G’ to an R module G”
is a homomorphism ¢: G ® G’ — G”. For example, G and G’ are always
paired to G ® G’. Given such a pairing and given a diagonal approximation
7, there is a functorial cochain map

7x: Hom (A(X),G) ® Hom (A(X),G’) — Hom (A(X),G")
defined to equal the composite
Hom (A(X),G) ® Hom (A(X),G’) £
Hom (A(X) ® A(X), G ® ) 2228, Hom (A(X),G”)
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If A C X, then for f € Hom (A(X),G) and f’ € Hom (A(X),’), we have
x(f @O ) AA) = Ta(fI AA) ® f7| A(A))

If Ay, A2 C X and f vanishes on A;, f’ vanishes on A,, it follows that
7x(f ® f’) vanishes on A(Aq) + A(A,). If {A1,A2) is an excisive couple in X,
it follows that 7y induces a homomorphism

HP<X,A1; G) ® HQ(X,Az; G/) hard Hp‘*'q(X, A1 U Ag; G”)
which is called the cup-product homomorphism. If u € H?(X,A;; G) and
v € HY(X,Az; G), their cup product is denoted by
uw v € Hr(X, Ay U Ag; G)
This product is a bilinear function of u and v and depends on the pairing ¢
but not on the particular diagonal approximation. The Alexander-Whitney
diagonal approximation yields a particular map 7 which defines a cup product
of cochains f f’ for f € Hom (4,(X),G) and f’ € Hom (A4(X),G’) by
(f~f)o) = e(f(p0) @ f(0g))

Then {f} o {f'} = {f <~ f'}in HF X, Ay U Ay G”).

As pointed out above, there exist diagonal approximations which are
factored through A(d). This implies the following relation expressing the cup
product in terms of the cross product.

7 THEOREM If (X X A, Ay X X} is an excisive couple in X X X, if (A, Aq} is
an excisive couple in X, and ¢: GQ G' = G" is a pairing, then for u € HP(X, Ay;
G) and v € HYX,Az; G'), in HP* X, A, U Ay; G"), we have
U v =g, (d*¥uxv) =
The cup product has the following properties analogous to the corre-
sponding properties of the cross product.

8 Letf: X — Y map Ay into By and A, into By and let u € H?(Y,By; G)
and v € Hq(Y,BQ; G’) Let f1: (X,A1> d (Y,Bl), fg: (X,Az) e (Y,Bz), and

f: (X, Ay U Ag) — (Y, By U By) be maps defined by f. In HP*9(X, A; U Ag; G7),
we have

ffluvo)=ffuvfio =
9  Foranyu € HYX,A; G) with the pairings R ® G =~ G =~ G ® R we have
lvu=u=uvwl =
10 Given a commutative diagram, where @, ¢', Y, and Y’ are pairings,
G1 ® (G2 ® G3) = (G1 ® Gy) ® G3 221, G1p ® G5
1®¢ ¥
G1 ® Gas ¥ Gios
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and given u; € HP(X,A1; Gi), uz € H(X,Ag; Gs), and uz € H(X,A3; Gs),
then, in HPt ot (X, Ay U Ay U As; Gigs), we have

U (ug v ug) = (U1 v ug)w us ™
11 Given a commutative diagram of pairings
CRGE =G ®G
N/
Ve
and given u € H?(X,Ay; G) and v € H(X,Az; G'), in HPTa(X, A; U Aq; G),
we have

uvo=(—1pwou =

¥2 Let {(X1,A1), (X2,A2)} be an excisive couple of pairsin X, let A C X3 U Xo,
and let i: (X;y N Xz, AN Xy N Xp) C (X3 U Xs, A). For elements
u € Hp(Xl N Xg, A1 N Ag; G) and v € Hq(Xl U Xq, A; Gl) and with the
connecting homomorphisms of the appropriate Mayer-Vietoris sequences, in
Hretat Xy U X, A1 U Az U A; G), we have

0*¥(uwi*v) =8*uv v
0*(*ovwu) = (-1 v d*uy =

Let 7: AX X Y) — A(X) ® A(Y) be a functorial chain equivalence
given by the Eilenberg-Zilber theorem and let

T: [AX) ® A(Y)] ® [AX) ® A(Y)] — [AX) ® AX)] ® [A(Y) ® A(Y)]
be the chain map defined by
T(c®d) ® (¢ @) = (—1)egddeec’(c ® ') ® (d ® d')

If 7 is any diagonal approximation, it follows by the method of acyclic models
that the diagram

AX XY) 205 AXXY)®AXXY)
7'\|{ lT°('r'®7/)
AX) ® A(Y) =& TAX) ® AX)] ® [A(Y) ® A(Y)]

is chain homotopy commutative. This implies the following additional relation
between cup products and cross products.

13 tHEOREM Letf ¢: G1 @ Gz — G and Gi ® G5 — G’ be pairings and let
G1 ® Gj and Gz ® G be paired to G & G’ by the homomorphism

(G1® G) ® (Go ® Gp) = (G1 ® Go) ® (G1® G3) 2% G ® G

Given uy € HP(X,A1; Gi), u2 € HY(X,A2; G2), v1€ H(Y,By: GY), and
ve € Hs(Y,Bs; Gb) then with suitable excisiveness assumptions, we have, in
He+arres((X, Ay U Ag) X (Y, ByU Ba); G ® G),

(u1 X U1> % (UQ X 1)2) = (—1)“(111 \V u2) X (1)1 (7 1)2) L]
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Combining theorem 13 with statements 3 and 9, we obtain the following
result expressing the cross product in terms of the cup products.

14 coroLLARY Let {X X B, A X Y} be an excisive couple in X X Y and let
p1: (X,A) X Y — (X,A) and ps: X X (Y,B) — (Y,B) be the projections. Given
u € H?(X,A; G) and v € HY(Y,B; G'), then, in H?*4((X,A) X (Y,B); G ® &),
we have
uXo=piupi) =
With the last result we can give the following example of two polyhedra

having isomorphic homology and cohomology modules but not isomorphic
cup-product structures.

15 ExaMpLE Let p and g be integers > 1 and let X be the space which is
the union of S», S¢, and SP*9, all identified at one point. If i: S» C X, j: S¢ C X,
and k: SpT¢ C X, then i, H(SP) @ j, H(S?) @ k, H(SP*9) =~ H(X). Computing
H(SP x S9) by the Kinneth formula, we see that H(X) =~ H(S? X S9). By the
universal-coeflicient theorem, X and $? X S¢ have isomorphic homology and

cohomology groups for any coeflicient group. Since
k*: Hrta(X;Z) ~ Hr+a(Sr*a;7)

and k* commutes with the cup product, it follows that the cup product of
integral cohomology classes of degrees p and g, respectively, in X is zero.
However, it follows from corollary 14 that there are integral cohomology
classes of S X S7 of degrees p and g, respectively, whose cup product is non-
zero. Therefore H* (X;Z) and H*(Sp X S9; Z) are not isomorphic by an iso-
morphism of graded modules preserving the cup product. Hence X and
Sp X S¢ are not homeomorphic, nor even of the same homotopy type.

There is another product closely related to the cup product that multiplies
homology and cohomology classes together. We begin with the observation
that if C and C’ are chain complexes and G and G’ are paired to G by ¢,
there is a functorial homomorphism

h: Hom (C,G) ® (CR® C ® G') > CQ G”

such that A(f ® (¢ ® ¢’ @ g)) = ¢ ® @ f.c') ® g'). A straightforward calcu-
lation shows that for f € Hom (C',,G) and ¢ € (C® ), ® &

Sh(f ® ¢) = (— 1) h(5f ® &) + h(f ® 2¢)

If X is a space and m: A(X) — A(X) ® A(X) is a diagonal approximation,
a functorial map

7 Hom (A(X),G) ® (A(X) ® G') - AX) ® G”
is defined by #(f ® ¢) = h(f ® 7(c)). The boundary formula yields
0F(f ®¢) = (—1)degc—des IF(§f ® ¢) 4+ 7(f ® Bc)

Note that if A is a subset of X and f € Hom (A(X),G) vanishes on A, then for
any ¢ € AA) ® G, FH(f®c)=0. It follows that if A;, A, C X,
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f € Hom (A(X)/A(A4),G) is a cocycle, and ¢ € A(X) ® G’ is a chain such that
dc € [A(A1) + A(A2)] ® G, then #(f® ¢) is a chain of A(X) ® G” whose
boundary is in A(A2) ® G [because 97(f ® ¢) = 7(f & d¢)]. Furthermore, if
f is the coboundary of a cochain which vanishes on A(Aq) or if ¢ equals
a boundary modulo [A(A1) + A(A2)] ® G, then #(f ® ¢) is a boundary
modulo A(Az) ® G”. Hence 7 defines a homomorphism [sending { f} & {c}
to {#(f ® ¢)}]
HYX, Ay; G) @ Ho(AX)/[A(A) + MA)); G') = Hy-o(X, Az G")

If {A1,A,} is an excisive couple in X, this yields a homomorphism

Hi(X,Ay; G) ® Hy(X, Ay U Ag; G') — H,_o(X,Az; G”)

called the cap product. If u € HI(X,Ay; G) and z € Hy(X, A1 U Ag; ), their
cap product is denoted by u ~ z € H,_¢(X,A2; G”). It depends on the pairing
@ but not on the particular diagonal approximation used to define 7. The
Alexander-Whitney diagonal approximation yields a map 7 which defines a
cap product on cochains and chains, denoted by f ~ ¢, by the formula

fmc:fm(%o@g{,) = %n—q"@@((ﬁoq) ® g,)
for f€ Hom (A¢(X),G) and ¢ = Z, 0 ® g € Au(X) @ G'. Then {f} ~ (¢} =
{f—~cl

The cap product has the following properties analogous to those of the
cup product.

16 Let f: X — Y map Ay to By and A2 to By and let u € HYY,By; G) and
z€H (X A U Ag; G) Let f] YBl) fg XA (Y,Bz), and
f: (X, A; U Ag) — (Y, By U By) be maps deﬁned by f. Then, in Hn_q(Y,Bg; G,
we have
fol ffumd) = unfoz ®
17 For any z € H,(X,A; G) with the pairing R ® G = G
l~nz=2z =

18 Given a commutative diagram, where @, @', , and {/ are pairings,

® (Gz ® Gg) (Gl ® Gz) ® Gg —————) G12 ® G3

1® @l\L i‘l’

G1 ® G23 E—> Gl23
fOT u € HP(X,Al; Gl), v E HQ<X,A2; GQ), and z € Hn(X, AL U Ay U Ag; Gg),
then, in H,_, o(X,As; G1z3), we have
~vmn)=(uvv)~z ¥

19 Let u € H(X,A; G) and z € Hy(X,A; G') and let &: Hy(X; G ® G') —
G ® G’ be the augmentation. Then, in G @ G,
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gumz)={uz) =

20 Let {(X1,A1), (X2,A2)} be an excisive couple in X and let A C Xy U X3 and
i (X1 N XQ, AN X1 N X2> (- <X1 U Xg, A) For u € Hq(Xl U XQ, A; G) and
z € Hy(Xy U X, A1 U Ay U A; @), with the connecting homomorphisms of
the appropriate Mayer-Vietoris sequences, in H,_,_1(X; N Xz, Ay N Ag; G”),
we have

e z) = i*um gz ®

21 Let uy € Hp(X,Al; G1>, Us € Hq<Y,B1; Gg), z1 € Hm(X, A1 U AQ; Gi), and
Zp € Hy(X, By U Bg; G3), and let Gy and Gi be paired to GY{, G2 and G5 be
paired to Gz, and (G, ® Gg) and (G} ® G3) be compatibly paired to GY ® G.
Then, in Hyynpo((X,A2) X (Y,Bs); GY ® G%), we have

<U1 X Ug) I (Zl X Zg) = (—1)7’(”_‘1)(111 I Z1> X (UQ ~ Z2> L]

7 HOMOLOGY OF FIBER BUNDLES

Cup and cap products are used in this section to study the homology of fiber
bundles. We shall show that in case the cohomology of the total space maps
epimorphically onto the cohomology of each fiber, the homology (or cohomol-
ogy) of the total space is isomorphic to the homology (or cohomology) of the
product space of the base and the fiber. For orientable sphere bundles this
leads to a proof of the exactness of the Thom-Gysin sequences, which will be
applied in the next section to compute the cohomology rings of projective
spaces.

We begin with some algebraic considerations. Let M = {M,} be a free
finitely generated graded R module and let M* = {M? = Hom (MyR)}. Let
(X,A) be a topological pair and f: X — Y be a continuous map. Given
a homomorphism (of degree 0) 6: M* — H*(X,A; R), there are homomor-
phisms (of degree 0) for any R module G

®: HX,A; G) —» H(Y;G) @ M
O*: H*(Y;G) ® M* — H*(X,A; G)
defined by ®(z) = 2, f, (0(m¥*) ~ 2) ® m;, where {m;} is a basis of M and
{m¥} is the dual basis of M* (® is uniquely defined by this formula), and
O* (u @ m*) = f*u u O(m*).

¥  LEmma With the notation above, if ® is an isomorphism for G = R,
then ® and ®* are isomorphisms for all R modules G.

prOO¥ For each i let ¢c¥ be a cocycle of Hom (A(X)/A(A);R) representing
the class #(m¥ ) and assume that m; (and hence also m* and ¢*) have degree g;.
Let 7: A(X)/A(A) — A(Y) ® M be the homomorphism (of degree 0) defined by

w0) = ZA(f)(et m ) ® m
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An easy computation shows that 7 is a chain map and that the induced
homomorphisms

Tet Hy (X,A; G) > Hy (A(Y) @ M; G) = Hy (Y;G) @ M
r*: H*(Y;G) ® M* = H*(Hom (A(Y) ® M, G)) —» H*(X,A; G)

equal ® and ®*, respectively. Since ® is assumed to be an isomorphism for
G = R, the chain map 7 induces an isomorphism of homology. The universal-
coeflicient theorems for homology and cohomology then imply that ® and ®*
are isomorphisms for all G. =

A fiber-bundle pair with base space B consists of a total pair (E,E), a
fiber pair (F,F ), and a projection p: E — B such that there exists an open
covering {V } of B and for each V ¢ {V } a homeomorphism ¢y: V X (F,F) —
(p~YV), p}(V) N E) such that the composite

VX FE%py(v) & v
is the projection to the first factor. If A C B, we let E4 = p71(A) and

Ey = p~Y(A) N E, and if b € B, then (Ey,E) is the fiber pair over b.
Following are some examples.

2 For a space B and pair (F,F) the product-bundle pair consists of the total
pair B X (F,F') with projection to the first factor.

3 Given a bundle projection p: E » B with compact fiber E, let E be the
mapping cylinder of p and p: E — B the canonical retraction. Then (E,E) is the
total pair of a fiber-bundle pair over B with fiber (F.F), where F is the cone
over F, and projection p.

4 If £ is a g-sphere bundle over B, then (E,E;) is the total pair of a fiber-
bundle pair over B with fiber (E7*1,59) and projection p;: E; — B.

Given a fiber-bundle pair with total pair (E,E) and fiber pair (F,F),
a cohomology extension of the fiber is a homomorphism 6: H*(F,F; R) —
H*(E,E; R) of graded modules (of degree 0) such that for each b € B the
composite

H*(F,F; R) % H*(EE; R) —» H* (EyEy; R)

is an isomorphism. The following statements are easily verified.

5 Letp: B X (F,F) — (F,F) be the projection to the second factor. Then
§ =p*: H*(F,F;R) — H*(B x (F,F); R)

is a cohomology extension of the fiber of the product-bundle pair. =

6 Let 0: H*(F,F; R) — H*(E,E; R) be a cohomology extension of the fiber
of a fiber-bundle pair over B and let f: B' — B be a map. There is an induced
bundle pair over B, with total pair (E',E') and fiber (F,F), and there is a map
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f: (EE') — (E,E) commuting with projections. Then the composite

H*(F.F; R) % H*(EE; R) 5 H* (E.F'; R)
is a cohomology extension of the fiber in the induced bundle. =
7 Given a fiber-bundle pair over B with total pair (E,E), let the path com-
ponents of B be {B;} and let (E;E;) be the induced total pair over B;
A cohomology extension 8 of the fiber of the bundle pair over B corresponds

to a family of cohomology extensions {0;} of the induced bundle pairs
over B;, =

We now establish the local form of the theorem toward which we are
heading. It shows that any cohomology extension of the fiber in a product-
bundle pair has homology properties as nice as the one given in statement 5
above.

8 1emma Let (FF) be a pair such that H ,(F,F; R) is free and finitely
generated over R and let §: H* (F,F, R) — H*(B X (F,F); R) be a cohomology
extension of the fiber of the product-bundle pair. Then the homomorphisms

®: Hy (B X (F,F); G) — H, (B;G) ® H, (F,F; R)

O*: H*(B;G) ® H*(F,F; R) » H*(B X (F.,F); G)

are isomorphisms for all R modules G.
prOOF By lemma 1, it suffices to prove that ® is an isomorphism for G = R.
If {B;} is the set of path Components of B, then

H, (B X (F,F); R) =~ @) H, (B; X (F,F); R)
and

H, (B;R) ® H, (F,F; R) =~ @), Hy (B;;R) ® Hy(F,F; R)

Therefore it suffices to prove the result for a path-connected space B. For
such a B, R =~ HY(B;R).

By the Kiinneth formula, H, (B X (F,F); R) = H, (B;R) ® H,(F,F; R).
We define graded submodules N, of Hy (B;R) ® H, (F,F; R) by

(Nj)g = @ HiB:R) ® H(F.F; R)
i+=q,j>$
Then
Hy (B;R) ® Hy (F,F;R) = Ng DNy D -+« D Ny D Ngyy

and N, = 0 for large enough s. If u € H5(F,F; R), then (u) = 1 X Au) + 4,
where @ € @iyjos s H(B;R) ® HI(F,F; R) and 8(u) | [b X (F,F)] = 1 X Au).
Because 6 is a cohomology extension of the fiber, A is an automorphism of
H*(F,F; R). Let # € Hy(F,F; R) and consider z X z € N,. Then

s X 7) = T py (Bmt) A (2 X 7)) @ m

and if deg m; <'s, then 6(m¥) ~ (z X z) € Ny and p, (N1) = 0. Therefore
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®(z X z') € N, and so ® maps N into itself for all s. Because of the short
exact sequences

0— Ny 1 —> Ny — N;/Ng, 1 — 0

and the five lemma, it follows by downward induction on s that ® is an iso-
morphism if and only if it induces an isomorphism of N;/N;, 1 onto itself for
all s. For 2’ € Hy(F,F; R), computing ®(z X z') in Ns/Nj,1, we obtain
Pl x )= 2 pelll X Amf) +m¥) ~ (2 X )] my
= dega:sp*[l X AmMF) A (z X 2)] & my
because m¥ ~ (z X z’) € Ny and p, (N;) = 0. Now, by properties 5.6.21,
5.6.19, and 5.6.17,

deg%__sp*[l X ANm¥F) A (z X 7)) ® my
= 2 z2® Am*)ZYym; =2 ® A, (7)

deg mi=s
where A, : Hy (F,F; R) — H, (F,F; R) is the automorphism dual to A. Hence
®(z X 2') = 2 X Ay (7') in Ny/Ns 1, showing that @ induces an isomorphism
of N;j/Ng,q foralls. =

The following Leray-Hirsch theorem shows that fiber-bundle pairs with
cohomology extensions of the fiber have homology and cohomology modules
isomorphic to those of the product of the fiber pair and the base.

9 THEOREM Let (E,E) be the total pair of a fiber-bundle pair with base B
and fiber pair (F,F). Assume that H, (F,F; R) is free and finitely generated
over R and that 0 is a cohomology extension of the fiber. Then the
homomorphisms

®: Hy (E,E; G) — H, (B;G) ® H, (F,F; R) D(z) = 2 py (O(m*) ~ 2) @ m;
®* : H*(B;G) ® H*(FF; R) » HYEE; G) PHu® v) = p*u) - ()
are isomorphisms (of graded modules) for all R modules G.

PROOF By lemma 1, it suffices to prove the result for the map @ in the case
G = R. For any subset A C B let 8, be the composite

H*(F,F; R) %> H*(EE; R) — H*(E4E4 R)

Then 6 is a cohomology extension of the fiber in the induced bundle over A.
It follows from lemma 8 that if the induced bundle over A is homeomorphic
to the product-bundle pair A X (F,F), then

®,: Hy (EEq; R) = Hy (A;R) ® H, (F.F; R)

Hence Dy is an isomorphism for all sufficiently small open sets V.

If Vand V' are open sets in B, then {(EV,EV), (EV,EV»)} is an excisive couple
of pairs in E, and it follows from property 5.6.20 that @y, ®y, Pyny,
and ®yyuy map the exact Mayer-Vietoris sequence of (Ey,Ey) and (Ey,Ey) into
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the tensor product of the exact Mayer-Vietoris sequence of V and V' by
H, (F,F; R). Since H, (F,F; R) is free over R, its tensor product with any exact
sequence is exact. Therefore, if @y, @y, and Pyny are isomorphisms, it follows
from the five lemma that ®yyy is also an isomorphism. By induction, ®is an
isomorphism for any U which is a finite union of sufficiently small open sets. Let
QL be the collection of these sets. Since any compact subset of B lies in some
element of A, Hy (B;R) = lim, {H, (U;R)}u.q. Also, any compact subset of E
lies in Ey for some U € A, so Hy (E,E; R) = lim, {H, (Ep,Eu; R)}. Because
the tensor product commutes with direct limits and ® corresponds to
lim, {®y}y.a under these isomorphisms, @ is also an isomorphism. ®

The above argument proves directly that ® is an isomorphism for any
coeficient module G. A similar argument does not appear possible for ®*,
because it is not true that H*(B;R) is isomorphic to the inverse limit
lim_ {H* (U;R)}pcq. It should be noted that in theorem 9 we have said
nothing about commutativity of ®* with cup products, because it is not true,
in general, that ®* preserves cup products.

We now specialize to the case of sphere bundles. Because

oy |0 r#q+1
Hr(Ee+1,S¢; R) =~ {R req+1
if £ is a g-sphere bundle, a cohomology extension of the fiber in £ is an ele-
ment U € Hq+1(E£,E£; R) such that for any b € B, the restriction of U to
(p~Y(b), p~X(b) N E) is a generator of Ha*(p=1(b), p~1(b) N E; R). Such a
cohomology class is called an orientation class (over R) of the bundle. If
orientations of the bundle exist, the bundle is called orientable. An oriented
sphere bundle is a pair (£,U,) consisting of a sphere bundle £ and an orientation
class of U, of &.

If U is an orientation class of £ over Z and if 1 is the unit element of R,
then (U ® 1) is an orientation class of { over R. Therefore a sphere bundle
orientable over Z is orientable over any R.

If (,U,) is an oriented sphere bundle over B and f: B’ — B, then
(f*&f* U,) is an oriented sphere bundle over B’ [where f: (EsxsEx) — (Eg.Ey)
is associated to f].

From theorem 9 we get the following Thom isomorphism theorem.

10 taeoREM Let (§,U;) be an oriented g-sphere bundle over B. There are
natural isomorphisms for any R module G

Oy Hy(EpEy G) o Hug1(BiG)  Pi) = py(Uy ~ 2)

q)s*: HT(B,G) ? HT+q+1<E£,E‘E; G) @g* (U) = p*U v/ Ug
prooF Let m and m* be dual generators of Hgy.(E?,S7; R) and
He+1(Eat1,Se; R), respectively, and define a cohomology extension 6 by
f(m*) = U,. Then @, is the composite

Hy(E Ey; G) 2 Hy_y 1(B;G) ® Hyy1(Ee*1,SGR) =~ H,_y 1(B;G)

where the second map sends z ® m to z. By theorem 9, ® is an isomorphism,
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and so ®; is an isomorphism. A similar argument shows that ®.* is an isomor-
phism. These isomorphisms are natural for induced bundles because of
naturality properties of the cup and cap products. =

This result implies the exactness of the following Thom-Gysin sequences
of a sphere bundle.

1l taEOREM Let (§,U;) be an oriented q-sphere bundle with base B and
projection p = p|E: E — B. For any R module G there are natural
exact sequences

~-—>H(EgG) (BG)—»Hn 9 1(BG)~—>H,, 1(EsG) —
. — H(B;G) £5 H’(Eg,G) 2% H4(B;,G) ¥ HT“(B G) —
in which ¥, and ¥;* have properties
V(v ~2)= (—1)atDdeg v * (1) ~ z
V¥ (01 v v2) = v1 v VF(vg)
PrOOF There is a commutative diagram (with any coefficient module)
. = Hy(F) %5 H,(E) 25 H(EE) 2 H,_4(E) — --.
j’*\l :‘LP* :l@é
H,(B) Hy_q-1(B)
the top row of which is exact. Since p is a deformation retraction of E onto B,
ps is an isomorphism. By theorem 10, ®; is an isomorphism. The desired se-
quence is obtained by defining ¥; = @, py, ! and p = 9@, 1. Similarly, the
cohomology sequence is defined by ¥* = p*~4*®* and p* = O*14.
We verify the formula for ¥,.
Vo nz) = Papy v M 2) = Dy (P*(0) A py 13D
= @(p* () M s ps 1R) = pu (U [p*(0) A faps T R))
= P (¥ [U 0 p* (0)] ~py ()

= (=)o p, [($ 02 (0) A py (2]
= (—1)atDdegv P F (o) ~z

Note that the isomorphisms ® and ® * of the Thom isomorphism theorem
depend on the choice of the orientation class U of the bundle. Therefore the
homomorphisms p and ¥ and p* and ¥* of the Thom-Gysin sequences also
depend on the orientation class. In case B is path connected and U and U’
are orientation classes of a sphere bundle over B, it follows from theorem 10
that there is an element r € R such that

U=p*rx1)wUs=1p*1) v U]
If by € B, then
U | (p~X(bo), p~i(bo) N E) = 1[U| (p~2(bo), p~*(bo) N E)]

Therefore we have the next result.
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12 temma Two orientation classes U and U of a sphere bundle over
a path-connected base space B are equal if and only if for some by € B

Ul (p~X(bo), p~H(bo) N E) = U'| (p~(bo), p~*(bo) N E) =

If B is not path connected, let {B;} be the set of path components of B
and let (E;,E;) be the part of (E,E) over B;. Then

H*(E,E; R) = %; H*(E;, Ej; R)
and we also obtain the following result.

13 Lemma Two orientation classes U and U’ of a sphere bundle with base
space B are equal if and only if for all b € B

Ul (p~i(b), p~X(b) N E) = U | (p*(b), p~2(b). N E) =

In case R = Z,, then H**1(p~1(b), p~1(b) N E; Zy) = Zy for all b € B.
Therefore this module has a unique nonzero element, and we obtain the fol-
lowing consequence of lemma 13.

14 COROLLARY Any two orientation classes over Zy of a sphere bundle are
equal. =

Thus, for R = Z; the homomorphisms ®, p, and ¥ and ®*, p*,and ¥*
are all unique.

The characteristic class Q; of an oriented g-sphere bundle (£,Up) is
defined to be the element

Q; = ¥.*(1) € Hi*1(B;R)

This is functorial (that is, @+, = f*$,). From the multiplicative properties of
¥, and ¥;* in theorem 11 we obtain the following equations.

15 Forz € Hu(B;G)
Yi(z) = Q. ~ 2
and for v € H'(B;G)
Y*o)=vw il =

We now investigate the existence of orientation classes for a sphere
bundle. Let (X,X’) be a pair and let {A;};.s be an indexed collection of sub-
sets A; C X. An indexed collection

{uj € HY(Aj, A; N X5 Gy
is said to be compatible if for all §, j € J
| (A; N Ay, Ay 0 Ay N XY = uy | (A N Ay, Ay 0 Ay 0 X))

The compatible collections {u;} constitute an R module H"({A;},X’; G).
Clearly, the restriction maps

Hn(X,X'; G) — H™A;, A; N X'; G)
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define a natural homomorphism HYX,X’; G) — H"{A;},X’; G).
16 Lemma Let (E,E) be a fiber-bundle pair with base B, projection p: E — B,

and fiber pair (F,F). Assume that for some n > 0, Hy(F,F; R) = 0 for i < n.
Then

(a) Forall A C B and all R modules G
Hi(p™Y(A), p"YA) N E; G) = 0 = Hi{p~1(A), p"YA) N E; G) i<n

(b) If {V} is any open covering of B, then in degree n the natural homo-
morphism is an isomorphism

H™EE; G) = HY{p~1V},E; G)

PROOF By the universal-coefficient formula, it suffices to prove (a) for G = R.
If A C Bis such that (p~1(A), p~}(A) N E) is homeomorphic to A X (F,F),
then by the Kinneth formula,

Hi(p™Y(A), p™Y(A) N E; R) = Hi(A X (F,F); R) =0 i<n

From this it follows (as in the proof of theorem 9) by induction on the
number of coordinate neighborhoods of the bundle needed to cover A (using
the Mayer-Vietoris sequence and the five lemma) that (a) holds for all com-
pact A C B. By taking direct limits, (@) holds for any A.

For (b), let {W } be the collection of finite unions of elements of {V}.
By (a) and the universal-coefficient formula for cohomology, there is a com-
mutative diagram

H™E.E; G) ~ Hom (Hy(E,E;R), G)

l 1=
lim. {H*(p~Y(W), p~Y(W) N E; G)} = lim{Hom (Ha(p (W), p~Y(W) N E; R),G)}

Hence we need only prove that a compatible collection {uy}y (v)extends to a
unique compatible collection {uw}w, (w). This follows by using Mayer-Vietoris
sequences again and from the fact that Hi(p~{(W), p"{(W) N E; G) = 0 for
i<n =

For sphere bundles we have the following immediate consequence.
17 corOLLARY A sphere bundle & with base B is orientable if and only if

there is a covering {V'} of B and a compatible family {uy}, where uy is an
orientation class of £| V foreach V€ {V}. =

Since a trivial sphere bundle is orientable, corollaries 17 and 14 imply
the following result.

18 coroLLARY Any sphere bundle has a unique orientation class over Z,. =

By theorem 2.8.12, there is a contravariant functor from the fundamental
groupoid of the base space B of a sphere bundle £ to the homotopy category
which assigns to b € B the fiber pair (Ey,Ey) over b and to a path class [»] in
Ba homotopy class h[w] € [Ew(o),E'w(o); Ew(l)aEw(l)]- For fixed R there is then a
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covariant functor from the fundamental groupoid of B to the category of
R modules which assigns to b € B the module H7*1(Ey,Ep; R) and to a path
class [w] the homomorphism

hlw]*: HI*YE 1),Eyq); R) — HT"YE0).E0; R)

19 tHEOREM A sphere bundle § is orientable over R if and only if for
every closed path w in B, hlw]* = 1.

prROOF If £ is orientable with orientation class U € Ha*Y(E,E; R), for any
small path w in B (and hence for any path)

hlw]* (U | (Esap.Eun)) = Ul (EopEu0)

Since U | (Ep,Ep) is a generator of Het1(Ey Ey; R), this implies that hlw]* = 1
for any closed path w.

Conversely, if h[w]* = 1for every closed path w in B, there exist generators
Uy € Ha*1(Ey,Ey; R) such that for any path class [@] in B, h[w] * (U,q)) = Uy
If Vis any subset of B such that £ | Vis trivial, it is easy to see that there is an
orientation class Uy of £ |V such that Uy | (Ep,Ep) = Uy forall b € V. If {V}
is an open covering of B by sets such that £| V is trivial for all V, then { Uy}
is a compatible family of orientations, and by corollary 17, £ is orientable. =

20 coroLLARY A sphere bundle with a simply connected base is orientable
overany R. =

8 THE COHOMOLOGY ALGEBRA

The cup product in cohomology makes the cohomology (over R) of a topologi-
cal pair a graded R algebra. In the first part of this section we define the
relevant algebraic concepts and compute this algebra over Z, for a real pro-
jective space and over any R for complex and quaternionic projective space.
This is applied to prove the Borsuk-Ulam theorem.

For the case of an H space, there is even more algebraic structure that
can be introduced in the cohomology algebra. The cohomology of such a
space is a Hopf algebra, and the second part of the section is devoted to its
definition and some results about its structure. The section concludes with
a proof of the Hopf theorem about the cohomology algebra of a compact con-
nected H space.

A graded R algebra consists of a graded R module A = {A7} and a
homomorphism of degree 0

wA®ASA

called the product of the algebra (u then maps AP @ A¢ into AP*¢ for all
p and q). For a, a’ € A we write aa’ = p(a ® a’). The product is associative

if (aa)a” = a(a’a”) for all a, @, a” € A and is commutative if
aa’ = (—1)desadega’ g'q for all @, @’ € A.
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1  ExampLe If (X,A) is a topological pair, then H* (X,A; R) is a graded
R algebra whose product is the cup product (with respect to the multiplica-
tion pairing of R with itself to R). It follows from property 5.6.10 that this
product is associative and from property 5.6.11 that it is commutative. If
A = &, it follows from property 5.6.9 that 1 is a unit element of the algebra
H*(X;R). H* (X,A; R) is called the cohomology algebra of (X,A) over R.

2 gxampLe The polynomial algebra over R generated by x of degree
n > 0, denoted by S,(x), is defined by

0 qg=0(n)orq <0

[Sn(x)]? = {free R module generated by x, q=pn,p=>0

with the product (ax,)(Bxq) = (aB)xp4q for @, B € R. It is then clear that
Xo is a unit element and that x, = (x1)?. If we denote x; by x, then x, = x7.
Thus, disregarding the graded structure, S,(x) is simply the polynomial alge-
bra over R in one indeterminate x. The truncated polynomial algebra over R
generated by x of degree n and height h, denoted by Ty x(x), is defined to be
the quotient of S,(x) by the graded ideal generated by x*. If h = 2, this
is called the exterior algebra generated by x of degree n and is denoted
by En(x).

If A and B are graded R algebras, their tensor product A & B is also a
graded R algebra with product

(a ® b)a’ ® b') = (—1)desbdega'aqq” & bb’
If A and B have associative or commutative products, so does A &® B.
3 ExampLE If R is a field and (X,A) and (Y,B) are topological pairs such

that either H, (X,A; R) or H, (Y,B; R) is of finite type, it follows from theorem
5.5.11 that

H*(X,A; R) ® H*(Y,B; R) =~ H*((X,A) X (Y,B); R)

We compute the graded Z; algebra H* (P";Zy) for real projective space
Pr. Note that the double covering p; S* — P7 is a O-sphere bundle. We let
wy, € HY(P*Zs) be the characteristic class (over Zs) of this bundle.

4 tHEOREM Forn > 1, H*(PnZs) is a truncated polynomial algebra over
Z, generated by wy, of degree 1 and height n + 1.

prooF All coefficients in the proof will be Z; and will be omitted. By

corollary 5.7.18 and theorem 5.7.11, there is an exact Thom-Gysin sequence
. > Ha(Sn) 2% Ha(Pr) X Ho+1(Pr) 25 Hor1(Sn) — ...

starting on the left with 0 — HO(P?) £5 HO(S") and terminating on the right

with H»(S7) LaS H»(P") — 0 [note that H2(P*) = O for ¢ > n, because P is a

polyhedron of dimension n]. Because H¢(S") = 0 for 0 < q <n, it follows

that
V. Ha(Pr) — Hovi(Pr)
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is an epimorphism for 0 < g¢<n —1 and is a monomorphism for
0 < g < n — 1. Because P" and S" are connected for n > 1, p* HO(P?) = HO(S"),
which implies that ¥*: HO(P) — H(P») is also a monomorphism. Therefore
Ha(Pr) =0 for 0 < g < n, and because p* H*(S*) = HYP") and HVS") < Z,,
it follows that p* is a monomorphism and that ¥*: H»~1(Pr) — H"(P) is also
an epimorphism.

We have shown that for 0 < g <n — 1

¥ Ha(Pn) = Ha+1(Pn)

Then w, = ¥*(1) is the nonzero element of H'(P*), and by equation 5.7.15,

V* (w,9) = w,"1. Therefore, for 1 < g < n, w,7 is the nonzero element of
Hepr), =

By corollary 3.8.9, P,(C) and P,(Q) are simply connected. It follows
from corollary 5.7.20 that the Hopf bundles §27*1 — P,(C) with fiber S and
S4n+3 5 P,(Q) with fiber S3 are orientable over any R. Let x, € H2(P,(C);R)
and y, € H4P,(Q);R) be the characteristic classses of these Hopf bundles
(based on some orientation class of each bundle). An argument analogous to
that of theorem 4, using the Thom-Gysin sequences of the Hopf bundles,
‘establishes the following result.

5 THEOREM Forn > 1, H*(P,{(C);R) is a truncated polynomial algebra

over R generated by x, of degree 2 and height n + 1, and H*(P,(Q);R) is a
truncated polynomial algebra over R generated by y, of degree 4 and height
n+1 =

6 coroLLARY Letn >m > 1 and let i: P* C P* be a linear imbedding.
Then for g <m

i*: Ha(PryZy) ~ Ho(Pm,Zy)

prRooF The hypothesis that i is a linear imbedding implies that the O-sphere
bundle over P™ induced by i from the double covering S» — Pr is the double
covering S™ — Pm. By the naturality of the characteristic class, i* w, = wp.
The result now follows from theorem 4 and the fact that i * (w,7) = (i*w,)7. =

7 CcorOLLARY Letn > m > 1 and let f: P» — P™ be a map. There exists
a map f': Pr — S™ such that p ° f' = f, where p: S® — P™ is the double
covering.

prOOF By the lifting theorem 2.4.5, it suffices to prove fu(m(P")) = 0.
If m = 1, this follows from the fact that #(P*) = Z; and #(P!) = Z. Assume
that m > 1 and observe that because H!(P") has just the two elements 0 and
wy, either f*(wy,) = 0 or f*(w,) = w,. Because f* is an algebra homomor-
phism, the latter is impossible [since 0 # w,”*! and f* (w,™*!) = 0]. There-
fore f*(w,) = 0.

We know that 7(P") = Z,, and a generator for this group is the homo-
topy class of the linear inclusion map i: P! C Pr. Because f*(w,,) = 0, it fol-
lows that i*f*(w,) = 0. If j: P C P» is the linear inclusion map, by
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corollary 6, j* (wy) # 0. Since (f ° i) * (wm) 7 §* (Wm), f ° i is not homotopic
to 7. Since m(P™) = Zs, f ° i is null homotopic. Hence f4[i] = [f° i] = 0, and
so fu(m(P")) = 0 in this case also. =

8 coroLLary For n > m > 1 there is no continuous map g: S* — S™
such that g(—x) = —g(x) for all x € S™.

prOOF If there were such a map, it would define a map f: P» — P™ such
that the following square (where p and p’ are the double coverings) is
commutative

Sn £, gm
P| L

P L, pn

By corollary 7, f can be lifted to a map f": P» — 5™ Then
pf'p" = 1p" = pg

Therefore f'p’ and g are liftings of the same map. For any x € S* either
glx) = f'p'(x) or g(—x) = f'p’(x) = f'p’(—x). In any event, f'p’ and g must
agree at some point of S*. By the unique-lifting property 2.2.2, f'p" = g. This
is a contradiction, because for any x € $%, p’ maps x and —x into the same
point, while g maps them into separate points. =

This last result is equivalent to the Borsuk-Ulam theorem, which is next.
9 THEOREM Given a continuous map f: S* — R™ forn > 1, there exists
x € S such that flx) = f(—x).
PROOF Assume there is no such x and let g: S* — $7~1 be the map defined by

(x) — fl=x%)
0 =L
&) = A=l

Then g(—x) = —g(x), which would contradict corollary 8. =

Dual to the concept of graded R algebra is that of graded R coalgebra,
which is defined by dualizing the concept of product. A graded R coalgebra
consists of a graded R module A = {A¢} and a homomorphism of degree 0

dA—->A®A

called the coproduct of the coalgebra (so d maps A? into Piyj=¢ A* ® A for
all g). The coproduct is said to be associative if

d®1)d=(1®d)d:A>ARDARA

and is said to be commutative if Td = d, where T: A ® A — A ® A is the
homomorphism T(a ® a’) = (—1)deeadesa’y’ ® a. A counit for the coalgebra
is a homomorphism & A — R (where R is regarded as a graded R module
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consisting of R in degree 0) such that each of the composites

e® 1 R®A
ADARA

A
1®NA®R

NA

is the identity map.
A Hopf algebra over R is a graded R algebra B which is also a coalgebra
whose coproduct

dB—B®B

is a homomorphism of graded R algebras. A Hopf algebra B is said to be con-
nected if B® is the free R module generated by a unit element 1 for the
algebra and the homomorphism &: B — R defined by ¢(al) = a for « € R is
a counit for the coalgebra.

10 exampLeE If X is a connected H space whose homology over a field R is
of finite type, then the multiplication map p: X X X - X defines a coproduct

d = p*: H*(X;R) — H*(X;R) ® H* (X;R)

H*(X;R) with this coproduct is a connected Hopf algebra of finite type whose
product is associative and commutative (the fact that X has a homotopy unit
xo implies that the map H* (X;R) — H* (xo;R) = R is a counit).

We shall study connected Hopf algebras having an associative and com-
mutative product and describe the algebra structure of those which are of
finite type over a field of characteristic 0. The following is the inductive step
of the structure theorem toward which we are heading.

11 Lemma Let B be a connected Hopf algebra with an associative and
commutative product over a field R of characteristic 0. Let B’ be a connected
sub Hopf algebra of B such that B is generated as an algebra by B’ and some
element x € B — B'. If x has odd degree n, then as a graded algebra
B=B ® E,(x) and if x has even degree n, then as a graded algebra
B=B ® S,(x).

PROOF Because B’ is a sub Hopf algebra of B, the unit element of B belongs
to B. Since x € B — B’, x has positive degree n. Let A be the ideal in B gen-
erated by the elements of positive degree in B, and if n: B — B/A is the
projection, let

d=(1®nd B—B&® B-— B® (B/A)

Then d’ is an algebra homomorphism, d'(8) = 8 ® 1 for 8 € B, and d'(x) =
x ® 1+ 1 ® n(x). Note that x ¢ A, because A consists of finite sums ;. Bixi,
where B; € B’ is of positive degree, so B;x! is of degree larger than n unless
i = 0. Therefore n(x) 7= 0 in B/A.

Assume that x is of odd degree. Because B has a commutative product
and R has characteristic different from 2, x2 = 0. We show that there is no
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relation of the form By + Bix = 0 with By, B1 € B’ and By 5~ 0. If there were
such a relation, then

O0=d(Bo+ P1x) =Lo®1 + (B O Dx® 1+ 1& nx)]
= f1 ® nx)

Since n(x) 5= 0, this implies 8; = 0, which is a contradiction. Therefore the
homomorphism B’ ® E,(x) — B sending $ ® 1 to f and 8 ® x to Bx is an
isomorphism of graded algebras.

Assume that x is of even degree. We shall show that there is no relation
of the form Zo_;., Bixt = 0 with 8; € B, r > 1, and Br 5= 0. If there were
such a relation, consider one of minimal degree in x. Then

0=d2ZBx) =2 B DNx®1 + 1 ® nk)
= (2ipxi ) @qx) + - + L ® (n(x))

The only term on the right in B ® (B/A)" is the term (2 ifixi~1) ® n(x).
It must be 0, and because n(x) %= 0, Z iB;xi~1 = 0. If r > 1, this is a relation
of smaller degree in x (note that r8, # 0 because R has characteristic 0), and
this is a contradiction. If r = 1, we get 1 = 0, which is also a contradiction.
Therefore there is no relation, and the homomorphism B’ ® S,(x) — B
sending 8 ® x? to Bx? for B € B’ and g > 0 is an isomorphism of graded
algebras. =

We use this result to establish the following Leray structure theorem for
Hopf algebras over a field of characteristic 01.

12 THEOREM Let B be a connected Hopf algebra with an associative and
commutative product and of finite type over a field R of characteristic 0. As
a graded R algebra either B = R or B is the tensor product of a countable
number of exterior algebras with generators of odd degree and a countable
number of polynomial algebras with generators of even degree.

PROOF Because B is of finite type, there is a countable sequence
1 = xo, 21, x2, . . . of elements of B such that i < jimplies that deg x; < degx;
and such that as an algebra B is generated by the set {x;};.0. For n > 0 let
B, be the subalgebra of B generated by xo, x1, . . . , x,. We can also assume
that x,,1 does not belong to B,. Because of the condition that deg «; is a non-
decreasing function of j, each B, is a connected sub Hopf algebra of B (that is,
d maps B, into B, ® B,). Since B, is generated as an algebra by B, and
Xn11, lemma 11 applies. Since By =~ R, By = R ® E(x;) or By = R ® S(x1).
Therefore B = By =~ R or Bj is either an exterior algebra on an odd-degree
generator or a polynomial algebra on an even-degree generator. By induction
on n, using lemma 11, each B,y is a tensor product of the desired form.
Since B has finite type, B = lim, B,, and B has the desired form. =

1 A structure theorem valid over a perfect field of arbitrary characteristic can be found
in A. Borel, Sur la cohomologie des espaces fibrés principaux et des espaces homogenes
de groupes de Lie compacts, Annals of Mathematics, vol. 57, pp. 115-207, 1953.



SEC. 9 THE STEENROD SQUARING OPERATIONS 269

For a connected H space whose homology is finitely generated over a
field F no polynomial algebra factors can occur in the above structure theorem,
and we obtain the following Hopf theorem on H spaces.

13 coroLLArRY Let X be a connected H space whose homology over a field
R of characteristic 0 is finitely generated. Then the cohomology algebra of X
over R is isomorphic to the cohomology algebra over R of a product of a
finite number of odd-dimensional spheres. =

In particular, we obtain the following result about spheres that can be
H spaces.

14 coroLLARY No even-dimensional sphere of positive dimension is an
H space. =

9 THE STEENROD SQUARING OPERATIONS

In the last section the cup product in cohomology was used to prove the
Borsuk-Ulam theorem, a geometric result. Any other algebraic structure which
can be introduced into cohomology (or homology) and which is functorial can
be similarly applied. A particular example of such an additional algebraic
structure is a natural transformation from one cohomology functor to another.
These natural transformations are called cohomology operations. In this sec-
tion we introduce the concept of cohomology operation and define the par-
ticular set of cohomology operations called the Steenrod squares.

Let p and q be fixed integers and G and G’ fixed R modules. A cohomology
operation 0 of type (p,q; G,G’) is a natural transformation from the functor
Hr( ;G) to the functor HY( ;G’) (both functors being contravariant singular
cohomology functors defined on the category of topological pairs). Thus @
assigns to a pair (X,A) a function (which is not assumed to be a homomorphism)

o HP(X,A; G) — HI(X,A; G
such that if f: (X,A) — (Y,B) is a map, there is a commutative square
H#(Y,B; G) %e2, Ha(Y,B; G')
| I
HP(X,A; G) 225 Ho(X A; )

A homology operation is defined similarly, but we shall not discuss homology
operations.
Following are some examples.

1 If 9: G — G’ is a homomorphism, ¢, is a cohomology operation of type
(q.g; G,G') for every q, where

¢p: H(XA; G) — HYXA; Q)
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is defined as in Sec. 5.4. @4 is called the operation induced by the coefficient
homomorphism ¢.

2 Given a short exact sequence of R modules 0 » G'—» G — G” — 0,
the Bockstein cohomology operation B* of type (g, ¢ + 1; G”,&) for every q
is defined to equal the Bockstein homomorphism

B*: Hi(X,A; G”) — H*{(X,A; G)

corresponding to the coefficient sequence 0 — G’ — G — G” — 0 as defined
in theorem 5.4.11.

3 For any p and g there is an operation @, of type (q,pq; R,R), called the
pth-power operation, defined by

Op(u) = ur u € HY(X,A; R)

An operation @ is said to be additive if 64y is a homomorphism for
every (X,A). The operations in examples 1 and 2 are additive; however, the
operation ¢, of example 3 is not additive, in general.

Any cohomology operation provides a necessary condition for a homo-
morphism between the cohomology modules of two pairs to be the induced
homomorphism of some continuous map between the pairs. For example, if §
is of type ( p,q; G.G), a necessary condition that a homomorphism

y: H*(Y,B; G) —» H*(X,A; G)
be induced by some map f: (X,A) — (Y,B) is that
1!/0(}7,3) = H(X,A)‘P: Hp<Y,B; G) —> H‘I(X,A; G)

In these terms the algebraic idea underlying corollaries 5.8.7 and 5.8.8 is that
for n > m > 1 there is no homomorphism

’4/: H* (Pm,Zz) — H* (P",Zg)

such that ¢ sends the nonzero element of HY(P™;Zs) to the nonzero element
of HY(P%Z) and commutes with the (m + 1)st-power operation 6,1 of type
(1, m+ 1; Zz,Zz).

We shall now define a sequence of operations Sq* called the Steenrod
squares, each Sq¢ being a cohomology operation of type (q, ¢ + i; Z2,Z,) for
every g. These operations include the squaring operation 8, and are related
to it by “reducing” the value of #,(u) in a certain way. For this reason, the
operations Sq* are also called the reduced squares.

For the remainder of this section we make the assumption that all
modules are over Z, and all homology and cohomology modules have coeffi-
cients Z,. The Steenrod squares, or reduced squares, {Sq'}iso are additive
cohomology operations

Sqi: Ha(X,A) — Ha+i(X,A)
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defined for all ¢ such that

(a) SqO = 1.

(b) 1f deg u = g, then Squ = u v wu.

(c) If g > degu, then Sqou = 0.

(d) If u€ H¥X,A) and v € H¥Y,B) and {X X B, A X Y} is an excisive
couple in X X Y, the following Cartan formula is valid:

Sqk(u X v) = H]Z:k Sqiu X Sqgiv

The above properties characterize the cohomology operations Sqi. We
shall not prove the uniqueness!, but shall content ourselves with their con-
struction. First we establish a formula equivalent to the Cartan formula.

4 LEMMA Ifu, v € H¥(X,A), then
Sgh(u v v) = 2 Sqiu w Sgiv
itizk

PROOF Since u w v = d*(u X v), where d: (X,A) — (X,A) X (X,A) is the
diagonal map, this follows from the Cartan formula and functorial properties
of Sgi. =

For any chain complex C let T: C® C — C ® C be the chain map
interchanging the factors [T(c; ® ¢3) = ¢o ® ¢y is a chain map over Zs)].

5 LEMMA There exists a sequence {D;};.¢ of functorial homomorphisms
Dj: A(X) — A(X) ® A(X) of degree | such that

(@) Dy is a chain map commuting with augmentation.
(b) For ] >0, 8D] + D]a + Dj_l + TD]'_I = 0.

If {D;} and {Dj} are two such sequences, there exists a sequence {E;};»0 of
functorial homomorphisms E;: AX) — A(X) ® A(X) of degree j such that

(C) E() :0
(d) FO’I‘] >0, an+1 + Ej+18 + Ej + TE] + Dj + D]/ =0.

PROOF  We use the method of acyclic models. Let R be the group ring of Z,
over the field Z,. We regard R as the quotient ring of the polynomial ring Z(t)
modulo the ideal generated by the polynomial 2 + 1 = 0. Thus the elements
of R have the form a + bt, where a and b € Z,.

Let Z; be regarded as a trivial R module (that is, the element ¢ of R in-
duces the identity map of Z,) and let C be the free resolution of Z, over R in
which Cj is free with one generator d, for all ¢ > 0 and which has boundary
operator d(d,) = (1 + t)dg_1 for ¢ > 1 and augmentation &(dy) = 1. The
functor which assigns to a space X the chain complex A(X) g@ C is augmented

and free over R with models {A;}q.0 and basis {§, ® d;}. We regard

1 For a proof see N. Steenrod and D. Epstein, Cohomology operations, Annals of Mathematics
Studies No. 50, Princeton University Press, Princeton, N.J., 1962.
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A(X) (Z@ A(X) as a chain complex over R, with ¢ acting on A(X) ® A(X) in the

same way T does. Then A(X) ® A(X) is augmented and acyclic, with models
{Ag}g0. It follows from theorem 4.3.3 (which is valid for chain complexes
over R) that there exist natural chain maps 7: A(X) ® C — A(X) ® A(X) pre-
serving augmentation, and any two are naturally chain homotopic.

A map 7: A(X) ® C — A(X) ® A(X) of degree 0 corresponds bijectively
to a sequence of maps

Dj: AX) — A(X) ® AX) >0

of degree j such that Djc) = 7(c ® d;). Then 7 is a chain map preserving
augmentation if and only if {D;} satisfies (a) and (b). Thus there exist families
{D;} satisfying (a) and (b), and any such family corresponds to some 7.

Similarly, a map H: A(X) ® C — A(X) ® A(X) of degree 1 corresponds
bijectively to a sequence of maps

Ej AX) —» AX) ® AX) >0

of degree j such that Eg = 0 and Ej(c) = H(c ® d;_1) forj > 1. Then His a
chain homotopy from 7 to 7’ if and only if {E;} satisfies (c) and (d) for the
sequences {D;} and {Dj} corresponding to 7 and 7', respectively. Thus,
if {D;} and {Dj} are two sequences satisfying (a) and (b), there is a sequence
{E;} satisfying (c) and (d). =

Given a sequence {D;};,o as in lemma 5, we define homomorphisms
D} :Hom (A(X) ® A(X), Zs) - Hom (A(X), Zo)

of degree —j by (Dj*f)(o) = f(Djo) for 6 € AyX) and f € Hom (A(X) ®
A(X), Zs). If ¢* € Hom (Ay(X), Z5) is a g-cochain of A(X), then

c* ® ¢* € Hom (A(X) ® A(X), Z»),
and we define a (¢ + i)-cochain Sqic* € Hom (A(X), Z2) by

ik 0 i>q
s9'c* = { pe (o @ o) i<gq

Let us now establish some properties of these cochain maps. It will be
convenient to understand D; = 0 for j <C 0. Then lemma 5b holds for all j.

6 If c* is zero on A(A) for some A C X, then Sqic* is zero on A(A).
PrROOF  This follows from the naturality of {D;}, and hence of {Sqi}. =
7 If 8c* = 0, then 6(Sgic*) = 0.

pROOF  This is trivial if i > ¢q. If i < g, we have

8(Sqic*)(0) = Di_i(c* ® ¢*)(90) = (c* ® c*)(D,—i00)
= (C* ® C*)(@Dq;jﬂ') + (C* ® c*)(Dq_i_la + TDq_i_10>
= (¢* ® c*)(3Dyi0)
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the last equality because (c* ® c¢*)(Tc) = (¢* ® c*)c for any ¢ € A(X) ® A(X).
Then we have

(c* @ ¢*)(0Dy_i0) = 8(c* ® ¢*)(Dy_io) =0
because 6c* = 0. =
8 Ifc* = 8¢*, then Sqic* = §[D}Xi(c* ® ¢*) + D¥,;_4(c* ® ¢*)).

PROOF If i > g, both sides are zero. If i < g, we have

(Sqic* (o) = DE;(86* ® 85%)(a) = 8(c* ® 85*)(Dy_i(0)
= (5* ® dc* )(Dq“iao + Dq__ikld -+ TDq_i_lo)
— DEL(c* ® *)(d0) + 8 ® &*)(Dys_10)

the last equality because
(€% ® 8¢*)(Dg_i—10 + TDq_;_10) = (c* ® dc* + dc* ® ¢*)(D,y_i_10)
We also have
6(5* & c* )(Dq__i_ld) = (5* ® E‘*)(Dq_i_laﬂ + Dq#i_go + TDq_i_QO)
= D¥ ;i 1(¢* ® ¢*)(90)
The result follows by substituting this into the right-hand side of the other
equation. =
9 If c¥ and ¥ are cocycles, then
Sqi(ct + c}) = Sgick + Sqick + SDE (et ® cf)
prROOF If i > g, both sides are zero. If i < g, we have
Sqi(ct + cf)o) = [(¢f + ¢F) ® (&} + cF)(Dg-i0)
(t ®ct + & ® c§)Dyio) + (¢ ® &)(Dyi0 + TD;10)
(

Sqict + SQ’C*)( ) + (cf ® c5)(Dg-i4100 + 0Dg-i110)
[Sgict + Sqick + 8DF i41(ct @ c})](o)

the last equality because 8(c¥ ® c¥) =0. =

o

It follows that there is a well-defined functorial homomorphism
Sqi: Ha(X,A) — Hi*(X,A)

defined by Sqi{c*} = {Sqic*}. If {Dj} is another system satisfying lemma 5a
and 5b, and Sq'* is defined using this system, let {E;} satisfy 5¢ and 5d.
If ¢* is a g-cocycle of A(X)/A(A), then

(c¢* & *)(Dq-i0 + Dy_i0 + Eqi1_300) =0
Therefore
Sqic* + Sq'ic* + SE¥,1_i(c* ® c*) =0
showing that Sqi{c* } = Sq'*{c* }. Hence Sqi is uniquely defined independent
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of the particular choice of {D;}. We shall now verify that these cohomology
operations {Sq'} satisfy the axioms characterizing the Steenrod squares.

10 taeorEM The additive cohomology operations {Sqt} defined above
satisfy conditions (a) to (d), inclusive, on page 271.

PROOF Let C(A9) denote the oriented chain complex of the simplex. Over
Z; there is a unique orientation for each simplex, and C(A 9 is isomorphic
to the subcomplex of A(A9) generated by the singular simplexes which are the
faces of As. We regard C(A9) as imbedded in A(A9) in this way. C(A9) is
acyclic, and if A\: AP — A¢ is a p-face of A¢, then AN)(C(AP)) C C(A9). Tt
follows that a sequence {D;} can be found satisfying lemma 5a and 5b such
that Dj(¢,) € C(A?) ® C(A9) for all g and j. For such a sequence, D;(¢,) = 0 if
j > q (because [C(A9) ® C(A9)]; = 0 if s > 2qg), whence Dj(o) = 0 for any
0 € Ay(X) with g <.

We now shall prove Dy(§,) = §; ® &, for all g by induction on q. If g = 0,
then Dy(&) must have nonzero augmentation, by lemma 5a. The only element
of C(A% & C(A°) with nonzero augmentation is £y ® &, Therefore Dy(&) =
$o ® &. Assume that ¢ >0 and Dy 1(¢;,_1) = &1 ® &,_1. Either Dy(¢,) =
£ ® &y or Dy(§,) = 0. In the latter case, by lemma 5b, we have [because
Dy(0&,) = 0]

Dq-1(&g) + TDy1(§g) =0

From this it follows that Dy_1(£;) = 2 ai(§; ® £® + £0 ® &), where a; = 0
or a; = 1. This is a contradiction, because

Dy _2(&) + TDy 2(&;) = 0Dg_1(&;) + Dy—1(0&)

and £, ® £, has a coefficient of 2a; + 1 = 1 on the right and a coefficient
of 0 on the left.

Therefore, with this choice of {D;} we have Dy(o) = o & o if o has
degree g. Then

(Sq°c*)(0) = (¢* ® *)(Dg(0)) = [c*(0)]?

Because a? = a for a € Z,, we see that Sq°%c* = ¢*, and so Sq° = 1, showing
that condition (g) is satisfied.

By definition, Dy is a chain approximation to the diagonal. Therefore
{D§(c* ® c*)} = {c*} w {c¢*} for any cocycle ¢*, and so Sqou = u v u if
deg u = q. Hence condition (b) is satisfied. From the definition of Sq* condi-
tion (c) is trivially satisfied.

It merely remains to verify the Cartan formula. Let {D;} be a system
satisfying lemma 5a and 5b and let { DX} be the collection of homomorphisms
for A(X). On the category of pairs of topological spaces X and Y the system
{Di**Y} and the system {T Z;,;= T*D& ® D;¥}, where

T: [A(X) ® AX)] ® [A(Y) ® A(Y)] — [AX) ® A(Y)] ® [AX) ® A(Y)]

interchanges the second and third factors, both satisfy lemma 5a and 5b.
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Then a system {Ez**Y} satisfying 5c and 5d with respect to them can be
defined by the method of acyclic models. Therefore the system

(T S TDX ® Dy}

i+i=k
can be used to define Sq*(u X v) for u € H*(X,A) and v € H*(Y,B). Let ¢¥
be a p-cochain of X, c¥ a g-cochain of Y, 0y a singular p’-simplex of X with
p <p <2p, and oy a singular g'-simplex of Y with ¢ < ¢’ < 2g, where
p +¢q =p+ q+ k. Then
Sqk(ct ® c%)(o1 ® oy)
= [(cf ®cF) @ (f ® EDEY (01 ® 02))

= [(C’f ® C:{c) ® (C’ée ® C’; )]( > Tp+q~kDiXo-1 &® DjYGz)

i+j=p+q—k
=[(ct ® ) Dp-pollic: @ c3)(Dig-g0),
= (Sq7Pct ® Sqv~ac)(o1 ® 03)

Letting o1 and oz vary, we see that Sqk(c¥ & c¥) = 2;,;=k Sqict ® Sqick.
Passing to cohomology and using the natural homomorphism

H*(X,A) ® H*(Y,B) — H*([A(X)/A(A)] ® [A(Y)/AB)]) = H*((X,A) X (Y,B))
sending the tensor product to the cross product, we obtain

Sqgk(uxX v)= 3 SqiuX Sqiv
K

5=
showing that condition (d) is satisfied. =
11 exampLE Observe that, by condition (b) on page 271 and theorem 5.8.5,
Sq*: H2(Py(C)) — H4(Py(C))
is nontrivial. If u € H2(Py(C)) is such that Sq?u = 0 and v € HY(LI) is the
nontrivial element, it follows from condition (d) that
Sq%(u X v) = Sq?u X v

and Sq2 H3(Py(C) X (LI)) — H5(Py(C) X (LI)) is nontrivial. Let X be the
unreduced suspension of Py(C) obtained from P3(C) X I by identifying
P5(C) X 0 to one point xg and Py(C) X 1 to another point x;. There is then a
continuous map

f: P(C) X (LI) — (X, 2o U xy)
inducing an isomorphism
f*: HYX, xo U x1) = HY(Py(C) X (LI))

for all q. Therefore Sq%: H3(X) — H®(X) is nontrivial. Let Y be the one-point
union of % and $5. An easy computation shows that X and Y have isomorphic
homology and cohomology for any coefficient group, and even isomorphic
cup and cap products. However, because Sq2: H3(X) — H5(X) is nontrivial
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and Sq?: H3(Y) — H5(Y ) is trivial, X and Y are not of the same homotopy type.

Further applications of the Steenrod squares will be given in the next
chapter and in Chap. 8.

It is obvious that cohomology operations of the same type can be added
and that the sum is again a cohomology operation of the same type. Given
cohomology operations § of type (p,q; G,G’) and ¢ of type (q,r; G',G"), their
composite 6’0 (of natural transformations) is a cohomology operation of type
(p.r; G,G”). In this way the Steenrod squares can be added and multiplied,
and they generate an algebra of cohomology operations called the modulo 2
Steenrod algebra.

In this algebra the following Adem relations® hold:

Sqisg = | 2. GTENSHITESGE 0. <i <2

where [i/2] denotes as usual the largest integer <i/2 and the binomial coeffi-
cient (i~k-'1) is reduced modulo 2. Using these relations, it is easily shown that
the algebra of cohomology operations generated by Sq?, where i is a power of 2,
contains all the Steenrod squares. This implies that the only spheres that can
be H spaces have dimension 2% — 1 for some n. By using deeper properties
of the algebra of cohomology operations Adams? has shown that the only
spheres that can be H spaces are the spheres S, S1, $3, and S7. Each of these
is, in fact, an H space, with multiplication defined to be the multiplication of
the reals, complex numbers, quaternions, or Cayley numbers, respectively,
of norm 1.

EXERCISES

A DISSECTIONS

Let C be a graded module over R. A filtration (increasing) of C is a sequence {F,C} of
graded submodules of C such that F,C C F,,1C for all s. It is said to be bounded below
if for any ¢ there is s(t) such that Fy,C; = 0, and it is convergent above if U F,C = C.

1 If {F,C} is a filtration of a chain complex C by subcomplexes, there is an increasing
filtration of Hy (C) defined by FH, (C) = im [H, (F;C) — H, (C)]. If the original filtration
on C is bounded below or convergent above, prove that the same is true of the induced
filtration on H, (C).

An increasing filtration {F;C} of a chain complex C by subcomplexes is called a dissec-
tion if it is bounded below, convergent above, and if

Hq<Fs+1C,FsC) =0 q 75 s+ 1

1See J. Adem, The iteration of the Steenrod squares in algebraic topology, Proceedings of the
National Academy of Sciences, USA, vol. 38, pp. 720-726, 1952, or H. Cartan, Sur I'iteration
des operations de Steenrod, Commentarii Mathematici Helvetici, vol. 29, pp. 40-58, 1955,
2See J. F. Adams, On the non-existence of elements of Hopf invariant one, Annals of Mathe-
matics, vol. 72, pp. 20-104, 1960.
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Given a dissection {F;C} of a chain complex C, the sequence
a4 Hq+1(Fq+1C,FqC) —a—-> Hq(FqC,Fq_1C) —a% Hq_1<Fq_1C,Fq_zc) —_> .

is a chain complex C, called the chain complex associated to the dissection.
2 If Cis the chain complex associated to a dissection of C, prove that H, (C) = H, (C).

3 Let {F,C} be a dissection of a free chain complex C by free subcomplexes such that
F;1C/F,C is free for all s. If C is the chain complex associated to the dissection, prove
that C and C have isomorphic homology and cohomology for all coefficient modules.
[Hint: The freeness hypotheses ensure that the universal-coefficient theorems hold for
both homology and cohomology. Then {F,C ® G} is a dissection of C ® G whose asso-
ciated chain complex is isomorphic to C ® G. Dual considerations apply to {Hom (F,C,G)}
and Hom (C,G).]

A block dissection of a chain complex C is a collection of subcomplexes {E;7}, called
blocks, where g varies over the set of integers and for each g, j varies over a set Jg, such
that if F,C is the subcomplex of C generated by {E;%}4s and if E«¢ = E;¢ N F,_1C, then

qu N Ex C Fq;lc ] #* k
Eg=0 q sufficiently small
UFC=C

. 0 i
Hi(E]‘q,qu): {B i = Z
4 If {E;} is a block dissection of a chain complex C, prove that the corresponding
collection {F,C} is a dissection of C whose associated chain complex C is free with

generators for Cy in one-to-one correspondence with the set J.

A block dissection of a simplicial complex K is a collection of subcomplexes {K;},
where g varies over the set of integers and for each g, j varies over some indexing set J,,
such that if F,K = U;_, K;? and K9 = F; ;K N K9, then

K N Ky? C Fg_1K ]_f/‘ k

Kg=0 q sufficiently small
UFK = K
. 0 i
(K%K 9) = [Z ie Z

3 If {K;2} is a block dissection of K, prove that {C(K;9)} is a block dissection of the
chain complex C(K) by free subcomplexes. If C is the chain complex associated to the
dissection, prove that C and C(K) have isomorphic homology and cohomology with any
coeflicient group.

B  HOMOLOGY MANIFOLDS

A homology n-manifold is a locally compact Hausdorff space X such that for all x € X,

Hy(X, X — x) = 0 for g % n and either Hy(X, X — x) = 0 or Hy(X, X — x) = Z. Further-

more, if the boundary X of X is defined to be the subset
X={x€X|HyX, X —x) = 0}

then we also assume that X — X is a nonempty connected set. If X = @, X is said to be

without boundary.
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1 If X is a homology n-manifold and Y is a homology m-manifold, prove that X x Y is
a homology (n + m)-manifold whose boundary equals XxYUXXY.

2 Prove that if a polyhedron is a homology n-manifold, its boundary is a subpolyhedron.
3 If K is a simplicial complex triangulating a homology n-manifold X, prove that K is
an n-dimensional pseudomanifold and K triangulates X. (A polyhedral homology n-mani-
fold is said to be orientable or nonorientable, according to whether any triangulation of
it is orientable or nonorientable as a pseudomanifold.)

4 Let (K,K) be a simplicial pair triangulating a polyhedral homology n-manifold (X,X)
and let L be the subcomplex of the barycentric subdivision K’ consisting of all simplexes
disjoint from K’. If s¢ is a g-simplex of K — K, let En~9(s9) be the subcomplex of L gen-
erated by the star of the barycenter b(s?). Prove that {E"~9(s9)}« . x-k is a block dissec-
tion of L and that if C is the chain complex associated to this block dissection, then C
has homology and cohomology isomorphic to that of X — X. (Hint: let st s¢ = 59 # B(sq),
where B(s9) is a subcomplex of K. Then Er~4(s4) = b(s9) * [B(s?)]' and En~9(s?) = [B(s9)]".
Also note that [L| is a strong deformation retract of |K| — |K|.)

5 Lefschetz duality theorem. Let (K,K) be a simplicial pair triangulating a compact
homology n-manifold (X,X) and assume that z € H,(K,K) is an orientation of K. For each
g-simplex s? of K — K let z(s9) € Hy(K, K — st s9) be the image of z, and assume an
orientation 67 of s¢ chosen once and for all. Then z(s?) = 09 * z(09), where Z(09) €
H, ., 1(B(s9). Define z'(09) € H,_o(Em9(s9),Er9(s9)) to correspond to Z(0%) under the
isomorphisms

Hy—1(B(s7) = Hy-q-1(E"9(s%)) = Hy_oE"9(s9),En~4(57))
Let @: Hom (Cy(K,K ), G) — C,—, ® G be the homomorphism defined by
o(u) :020 2'(09) & u(09) u € Hom (Cy(K,K), G)
Prove that ¢ is an isomorphism and that it commutes up to sign with the respective co-
boundary and boundary operators. Deduce isomorphisms
HYXX; G) =Hn_ (X — X; G) and H,XX G =H X - X; G)
€ PROPERTIES OF THE TORSION PRODUCT AND EXT
In this group of exercises all modules will be over a principal ideal domain R.
1 Prove that the torsion product is associative.
2 If A, B, and C are modules, prove that
A®B*C)®A=*(B®C)
is symmetric in A, B, and C.
3 Given a module A and a short exact sequence of modules
0->B—>B—»>B"—0
prove there is an exact sequence
0 — Hom (A,B’) — Hom (A,B) — Hom (A,B”) —
Ext (A,B") — Ext (A,B) — Ext (A,B") — 0
4  Given a short exact sequence of modules
0>A>A>A"—>0

and given a module B, prove there is an exact sequence
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0 — Hom (A”,B) — Hom (A,B) — Hom (A’,B) —
Ext (A”,B) — Ext (A,B) — Ext (A",B) — 0
If C={C)} and C* = {C/} are graded modules, there is a graded module
Hom (C,C*) = {Hom? (C,C*)}, where Hom¢ (C,C*) = X ;;j=, Hom (C;,C) [thus an
element of Homd (C,C*) is an indexed family {@;: C; — C¢7i};]. Similarly, there is
a graded module Ext (C,C*) = {Ext? (C,C*)}, where Ext? (C,C*) = X;,j=¢ Ext (C;,C}).
& If Cis a chain complex and C* is a cochain complex, prove that Hom (C,C*) is a
cochain complex, with
(09)ij = @ic1;° 8 + (= 1)i0 e @ijn @ = {gi;} € Hom?(C,C¥)
and that Ext (C,C*) is a cochain complex with
(89)is = Ext (05,1)(iers) + (=1 Ext (L& )(i51) ¥ = {$1;) € Ext? (C,C*)
6 If C is a chain complex and C* is a cochain complex such that Ext (C,C*) is
acyclic, prove that there is a split short exact sequence
0 — Exte™1 (H, (C),H* (C*)) — HyHom (C,C*)) — Homd (H, (C),H*(C*)) — 0
7 If Cand C are chain complexes and C* is a cochain complex, prove that the expo-
nential correspondence is an isomorphism
Hom (C, Hom (C’,C*)) = Hom (C ® C’, C*)
8 Let (X,A) and (Y,B) be topological pairs such that {X X B, A X Y} is an excisive
couple in X X Y. For any module G prove that there is a split short exact sequence
0 — Ext?™! (H, ,H*) — HY((X,A) X (Y,B); G) — Hom¢ (H, H*) — 0
where H, = H,(X,A; R)and H* = H*(Y,B; G).

D CATEGORY

A topological space X is said to have category < n, denoted as cat X < n, if X is the
union of n closed sets, each deformable to a point in X.

b If X is a connected polyhedron of dimension n, prove that cat X < n + 1.

2 If X is any space, prove that cat (SX) < 2.

3 If cat X < n, prove that all n-fold cup products of positive-dimensional cohomology

classes of X vanish.

4 ProvethatcatP* =n + landcat(Pm X -« X Pu)=ny + -+ + ny + 1.

E HOMOLOGY OF FIBER BUNDLES

1 Letp: E— B be a fiber-bundle pair, with total pair (E,E) and fiber pair (F,F), such
that Hy (F,F) = 0. Prove that Hy (E,E) = 0.

2 If p: E— Bis a fiber-bundle pair over a path-connected base space B, prove that a
homomorphism 6: H* (F,F; R) — H*(E,E; R) is a cohomology extension of the fiber if
and only if for some b € B the composite

H*(F,F; R) % H*(EE; R) — H* (EyEy; R)
is an isomorphism.

3 Letp: E — B be a fiber-bundle pair over a path-connected base space. If for some
b € B the pair (Ep,Ep) is a weak retract of (E,E), prove there exists a cohomology exten-
sion of the fiber.
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4  Prove that a g-sphere bundle £ with base space B is orientable over R if and only if
for every map a: S' — B the bundle o* ({) is orientable over R.

3 Prove that a g-sphere bundle ¢ is orientable over Z if and only if there is an element
U € Hi*YE,E,; Z,) whose image in Hi*Y(E,E,; Z) is the unique orientation class of £
over Zs. (Hint: Show that there is such an element U if and only if for every closed path
w in the base space, h{w] * is the identity map of HeYE 1,E 1); Zs), and this, in turn, is
equivalent to the condition that h[w]* is the identity map of H**Y(E).E q); Z).)

6 Let ¢ be a g-sphere bundle with base space B and with orientation class
U, € Hq+1(E£,E£; R) and let Q; € H9*1(B;R) be the corresponding characteristic class.
Prove that ®¥(Q2;) = U, v U..

'@ Prove that the characteristic class {; of an even-dimensional sphere bundle £ oriented
over Z has order 2.

8 Let ¢ be a sphere bundle oriented over R, with base space B. If £ has a section in E;,
(that is, if the map p;: Fy — B has a right inverse), prove that its characteristic class
Q; = 0. [Hint: Any two sections B — E; are homotopic in E;. Since E; is the mapping
cylinder of p;: E; — B, there is an inclusion map k: B C E, which is a section. There is
a section in E; if and only if k is homotopic to a map B — E,, in which case the composite

Ho\(E Eg; R) 55 HotY(EgR) 2% He*(B;R)

is trivial, because p* ~1 = k* ]

F HOPF ALGEBRAS
1 Prove that the tensor product of connected Hopf algebras is a connected Hopf algebra.

2 If B is a connected Hopf algebra of finite type over a field R, prove that
B* = Hom (B;R) is a connected Hopf algebra over R whose product and coproduct are
dual, respectively, to the coproduct and product of B.

3 Let B be a connected Hopf algebra over a field of characteristic p 7 0 and assume
that B has an associative and commutative product and is generated as an algebra by a
single element x of positive degree. Prove that if deg x is odd and p # 2, then B = E(x),
and if deg x is even or p = 2, then either B = Sgeg o(x) 0r B = Tqeg o,4(x), where h = p*
for some k > 1.

4 Let B be a connected Hopf algebra of finite type over a field of finite characteristic
p # 0 and assume that B has an associative and commutative product. If the pth power
of every element of positive degree of B is 0, prove that B is the tensor product of exte-
rior algebras (with generators of odd degree if p % 2) and truncated polynomial algebras
of height p (with generators of even degree if p 7= 2).

G THE BOCKSTEIN HOMOMORPHISM
1 Show that the Bockstein homomorphism in homology (or cohomology) anticommutes
with the boundary homomorphism (or coboundary homomorphism) of a pair.

For any prime p let B, be the Bockstein homomorphism in either homology or
cohomology for the short exact sequence of abelian groups

0->7Z,-2Z,,—>7Z,—0

Let 3, be the Bockstein homomorphism for the short exact sequence

05Z» 757, 50
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where Ay(n) = pn and p, is reduction modulo p.

2 Prove that 8, = (ip)y ° By

3 Prove that 8, ° 8, = 0.

4 Prove that By(u v v) = By(u) v v + (—1)deEu 1w U By(v).

5 Prove that Sq%i*l = B, ° Sq2i for i > 0. [Hint: Show that there exist functorial
homomorphisms {D;};,0, with D; of degree  from the integral singular chain complex A(X)
to A(X) ® A(X), such that Dy is a chain map commuting with augmentation and

0Dgj_1 + D2j 10 = Dgj — TDy; [ 20
aDzj —_ nga = D2j~1 -+ Tng,l 7> 0

where T(o; ® 0g) = (—1)deg o1 deg o2 gy & 0]

6 Let ¢ be a g-sphere bundle and let U; € Hi*Y(E,E,; Z5) be its unique orientation
over Zo. Prove that ¢ is orientable over Z if and only if 8o(U;) = 0.

H STIEFEL-WHITNEY CHARACTERISTIC CLASSES

Let £ be a g-sphere bundle, with base space B, and let U, € Hq“(EE,E'&; Z;) be its orien-
tation class over Zy. The ith Stiefel-Whitney characteristic class wi(§) € HY(B;Zy) for
i > 0 is defined by

Q¥ (wilf)) = Sqi(Uy)
1 Let f: B — B be continuous. Prove that f*(w;(§)) = w;i(f*§).
If £ is a product bundle, prove that w(£) = 0 for i > 0.

N

3 Prove the following:

(@) wo(£) is the unit class of HO(B;Zy).

(b) Ba(wzi(8)) = wair1(§) + wi(§) v wu(€) for i > 0.

(¢) If ¢ is a g-sphere bundle, then w;(§) = 0 for i > g + 1, and wg44(§) is the
characteristic class of £ over Zo.

(d) & is orientable over Z if and only if wy(§) = 0.

If ¢ is a g-sphere bundle over B and ¢’ is a ¢’-sphere bundle over B’, their cross product
¢ x &isa(q + q + 1)-sphere bundle with E;,p = E; X Ey, Eie = E X E¢ U E; X E
and peye = pe X py-
4 fU;€ Hq“(Eg,EE; Zy) and Uy € HU'“(EQI,E;; Z,) are respective orientation classes,
prove that

Uy X Uy € HIM O 2 (Egy e Zo)
is the orientation class of £ x &'
5 Prove that wi(é X &) = Zii=r wilf) X wi&).

If ¢ and ¢ are sphere bundles with the same base space B, their Whitney sum
£ @ & is the sphere bundle over B induced from £ X £ by the diagonal map B — B X B.

6 Whitney duality theorem. Prove that
wi @ &) = 2 wilf) v wif)
i+i=k
I HOMOLOGY WITH LOCAL COEFFICIENTS

If 0: A7 — X is a singular g-simplex of X, with ¢ > 1, let w, be the path in X obtained
by composing the linear path in A¢ from vy to vy with a. Given a local system T of
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R modules on X, define A,(X;T) to be the R module of finitely nonzero formal sums 2 a,0
in which o varies over the set of singular g-simplexes of X and a, € T'(6(v0)) is zero
except for a finite set of . For ¢ > 0 define a homomorphism 9: Ay(X;I") — A,_1(X;T) by

d(ao) = 0<§sq (— Diao® + T'{w,)(c)o©@

1 Prove that A(X;T") = {A4(X;T), 8} is a chain complex which is free (or torsion free)
if T is a local system of free (or torsion free) R modules, and if A C X, show that
A(A; T | A) is a subcomplex of A(X;I').

The homology of (X,A) with local coefficients T, denoted by H, (X,A; T), is defined
to be the graded homology module of A(X,A; I') = A(X;T')/A(A; T} A).

2 For a fixed ring R let € be the category whose objects are topological pairs (X,A),
together with local systems T of R modules on X, and whose morphisms from (X,A) and
T to (Y,B) and I are continuous maps f: (X,A) — (Y,B), together with indexed families
of homomorphisms { fo: T(x) — I'"( f{x))}ecx such that f,o ° T'(w) = T'(f ° w) ° fuq for
any path w in X. Prove that Hy (X,A; I') is a covariant functor from € to the category of
graded R modules.

3 Exactness. Given A C B C X and a local system I' of R modules on X, prove that
there is an exact sequence

- — Hy(B,A; T'| B) > Hy(X,A; I') — Hy(X,B; I''—-> H, +(BA; T|B)— -
4  Excision. Let X1 and X be subsets of a space X such that X; U Xy = int X; U int Xs.

For any local system I' of R modules on X prove that the excision map f; from
(X1, X1 N X2) and T} X; to (X3 U Xz, Xo) and T'|(X; U Xp) induces an isomorphism
jia: Hy(X1, Xy 0 Xo; T Xy) = Hy (Xq U X, X3 T (X U X))

3 Two morphisms f and g in € from (X,A) and T to (¥,B) and [ are said to be
homotopic in Cif there is a homotopy F: (X,A) X I — (Y,B) from f to g and an indexed
family of homomorphisms {F,»: I'(x) — I'(F(x,t)) }@,nexxs such that Fg o = f; and
F1) = g Prove that homotopy is an equivalence relation in the set of morphisms from
(X,A) and T to (¥,B) and I and that the composites of homotopic morphisms are

homotopic (so that the homotopy category of C can be defined).
6 Homotopy. If f and g are morphisms from (X,A) and I to (Y,B) and I” and f is
homotopic to g in G, prove that f, = g.: Hy(X,A; ') — H,(Y,B; I").
7 f T and I" are local systems of R modules on X, there is a local system I' ® I" on
X with (T ® I")(x) = I'(x) ® T"(x) and (I' ® I")(w) = ['(w) ® I"(w). In case I" is the
constant local system equal to G, then prove that

AXAT® G =AXAD)®G
Deduce a universal-coefficient formula for homology with local coefficients.
8 If T and I” are local systems of R modules on X and Y, respectively, let T’ X I =
p*(I) ® p'*(I") be the local system on X X Y, where p*(I') and p"*(I") are induced
from T and T”, respectively, by the projections p: X X ¥ —» X and p: X X Y > Y.
Prove that there is a natural chain equivalence of AX;I') @ A(Y;IV) with A(X X ¥; T x ).
Deduce a Kiinneth formula for homology with local coefficients.

J COHOMOLOGY WITH LOCAL COEFFICIENTS

If T is a local system of R modules on X, define A%(X;T) to be the module of functions ¢
assigning to every singular g-simplex o of X an element @(o) € I'(6(vg)). Define a homo-
morphism 8: Ad(X;T") — At1(X;T) by
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@Bg)o) = = (—D)ig(o®) + I(w, 1)(p(0))

- O<i<g+1
I Prove that A*(X;I') = {A9(X;D), 8} is a cochain complex and that if A C X, the
restriction map A% (X;I') — A¥(A; I'| A) is an epimorphism.
The cohomology of (X,A) with local coefficients T', denoted by H*(X,A; T, is
defined to be the graded cohomology module of
A*(X,A; T) = ker [A*(X;T') — A*(A; T A)]

2 For a fixed ring R let ¢ be the category whose objects are topological pairs (X,A),
together with local systems I' of R modules on X, and whose morphisms from (X,A) and
I to (Y,B) and I"" are continuous maps f: (X,A) — (Y,B), together with indexed families
of homomorphisms { f#: I"( flx)) — I'(x)}:¢x such that I'(w) © fe() = fe(0 o T(fo ) for
any path « in X. Prove that H*(X,A; T) is a contravariant functor from ¢ to the
category of graded R modules.

3 Prove that the cohomology with local coeflicients has exactness, excision, and homot-
opy properties analogous to those of the homology with local coeflicients.

4 1If I is a local system of R modules on X and G is an R module, there is a local sys-
tem Hom (I',G) of R modules on X which assigns to x € X the module Hom (I'(x),G).
Prove that

A*(X,A; Hom (I',G)) = Hom (A(X,A; T), G)
Deduce a universal-coeflicient formula for cohomology with local coefficients.

Let ¢ be a g-sphere bundle with base space B and let I'; be the local system on B
such that I',(b) = Hy 1(Ey,Ep). Let p¥(I,) be the local system on E; induced from T'; by
pe: E; — B. A Thom class of £ is an element U, € HiVY(E E;; p¥ (I'y)) such that for every
b € B the element
Ue| (EvEy) € HI*(Eg,Ey; p¥ () | Ey) = HO*Y(Ep,Ep; Ho1(En k)
corresponds to the identity map of Hyy1(Es,Ep) under the universal-coefficient isomorphism
HotY(Ey Ey; Hy1(EgEy)) =~ Hom (Hyy1(EpE), Hyy1(EpEp))

8 Prove that every g-sphere bundle has a unique Thom class. (Hint: Prove the result

first for a product bundle, and then use Mayer-Vietoris sequences to extend the result to
arbitrary bundles.)

6 Let £ be a g-sphere bundle with a base space B and let U, be its Thom class. If T" is
any local system of abelian groups on X, prove that the homomorphism

&, HyE Ey p* (D)) —> Hy_q 1(B; T, ®T)

such that ®,(z) = p4(U; ~ ), where U; ~ z is an element of H,_,_1(E; p*(I'; ® I)), is
an isomorphism. If B is compact, prove that the homomorphism

OF: H(B;l') — Ho Y E E,; p* (I ® TY)
such that ®¥(v) = p*(v) w U, is an isomorphism.



CHAPTER SIX
GENERAL COHOMOLOGY
THEORY AND DUALITY



IN THIS CHAPTER WE CONTINUE THE STUDY OF HOMOLOGY AND COHOMOLOGY
functors, with particular emphasis on the homological properties of topological
manifolds. For this important class of spaces we shall establish the duality
theorem equating the cohomology of a compact pair in an orientable manifold
with the homology, in complementary dimensions, of the complementary pair.

The cohomology which enters in the duality theorem is the direct limit
of the singular cohomology of neighborhoods of the pair, with the family of
neighborhoods directed downward by inclusion. For the case of a closed pair
in a manifold, the resulting direct limit depends only on the pair itself. In fact,
it is isomorphic to the Alexander cohomology of the pair, Alexander cohomol-
ogy being another cohomology theory distinct from the singular cohomology.

Thus we are led to consider Alexander cohomology. We define it and
prove that it is a cohomology theory in the sense that it satisfies the axioms
of cohomology theory. We also establish the special properties of tautness and
continuity possessed by this theory and not generally valid for singular coho-
mology. For deeper properties of the Alexander theory we introduce the
cohomology of a space with coeflicients in a presheaf. The definition of this

285
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cohomology involves a Cech construction, using nerves of open coverings.
We use general properties of this cohomology to prove that for paracompact
spaces the Alexander and Cech cohomologies are isomorphic, and with this
result establish universal-coeflicient formulas for the Alexander cohomology
of compact pairs and for the Alexander cohomology with compact supports
of locally compact pairs.

The cohomology of presheaves is also applied to compare the singular
and Alexander cohomology theories, and we prove that they are isomorphic
for manifolds. Another application of the cohomology of presheaves is in the
proof of the Vietoris-Begle mapping theorem. The final topic is a discussion of
homological properties of one manifold imbedded in another.

In Sec. 6.1 we define the slant product as a pairing from the cohomology
of a product space and the homology of one of its factors to the cohomology
of the other factor. This furnishes the map that is the isomorphism in the
duality theorem for manifolds, and the duality theorem itself is proved in
Sec. 6.2. In Sec. 6.3 we consider various formulations of orientability for
manifolds.

The Alexander cohomology theory is defined in Secs. 6.4 and 6.5, and
the axioms of cohomology theory are verified for it. Section 6.6 contains
a proof of the tautness property for Alexander cohomology, that the Alexander
cohomology of a closed pair in a paracompact space is isomorphic to the direct
limit of the Alexander cohomology of its neighborhoods. We deduce the con-
tinuity property of Alexander cohomology and show that the continuity
property characterizes Alexander cohomology on compact pairs. We also
define the Alexander cohomology with compact supports.

Sections 6.7, 6.8, and 6.9 develop the theory of the cohomology of spaces
with coefficients in a presheaf and illustrate its application to the Alexander
theory. In this way we equate the Alexander and singular cohomology for
paracompact spaces that are homologically locally connected in all dimensions.

Section 6.10 contains definitions of the characteristic classes of a manifold
and the normal characteristic classes of one manifold imbedded in another.
These are related in the Whitney duality theorem, which is a useful tool for
establishing non-imbeddability results.

l THE SLANT PRODUCT

We are ready now to introduce a new product which pairs cohomology of a
product space and homology of one of the factors to the cohomology of the
other factor. This product will be used in the next section to prove the duality
theorem for topological manifolds. In this section we shall establish some of
its properties. We shall also introduce new cohomology modules of a pair
(A,B) in a space X which appear to depend on the imbedding of (A,B) in X.
These will be used in the proof of the duality theorem in the next section.
Later in the chapter, we shall introduce the Alexander cohomology modules
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and prove that these are isomorphic to the abovementioned ones in all
relevant cases.
Given chain complexes C and C' over R and a cochain

¢* € Hom ((C ® C')y, G)

and chain ¢ € C'; ® G, their slant product c¢*/c¢' € Hom (Cp—q, G & G') is
the (n — g)-cochain such thatif ¢’ = Z; ¢; ® g} with ¢} € C; and gi € G/, then

(c*/cc) = 2/{c*, c® )y ® g c € Cny

It is easily verified that
8(c*/ ¢’y =[(8e*)/ ']+ (— 1)n=ac*[de’
Therefore the slant product of a cocycle and a cycle is a cocycle, and if the
cocycle is a coboundary or the cycle is a boundary, the slant product is
a coboundary. Hence there is a slant product of HY(C ® C’; G) and H,(C;G’)
to H*9(C; G ® ') such that {c¢*}/{c¢'} = {c¢*/c'} for {¢*} € H}C ® C; G)
and {c¢'} € Hy(C;G").
For topological pairs (X,A) and (Y,B) let
m [AX)/AA)] ® [A(Y)/AB)] - [AX X Y)]/[AX X BU A X Y)]
be a functorial chain map given by the Eilenberg-Zilber theorem. For
u € HY((X,A) X (Y,B); G) and z € Hy(Y,B; G'), their slant product
u/z € H"(X,A; G ® @)
is defined to equal the slant product (7*u)/z. The following properties of this
slant product are easy consequences of the definitions.

1 Given f: (X,A) — (X,A"), g (Y,B) — (Y,B'), u € HY{(X',A") X (Y',B); G),
and z € H(Y,B; G'), then, in H"4X,A; G ® G),

[(f X @*ul/z = f*(u/gyz) =
2 Givenu € H(X,A; G), v € H(Y,B; ), and z € H,(Y,B; G”), if {X X B,
A X Y} is an excisive couple in X X Y, then, in H/(X,A; G ® G' ® G"),

(u X 0v)/z2 = plu ® (v,z)) =

3 Let {(X1,A1), (X2,A2)} and {(Y1,B1), (Y2,Bz2)} be excisive couples in X and
Y, respectively. Given

uE H{(X1U X)) X (1 U Xo), Xy X BBU X X BaU At X U A2 X Yo G)

and
z € Hq(Yl U Yz, Bl U B2; G’)
the'n, in Hn—q+1(X1 U Xz, A1 U Az; G ® G’ )

[u] (X1 U Xp, A1 U Ag) X (Y1 N Ya, By N By)]/0 42
= (—1)"_(1—16*([“ | (Xl N Xa, A1 N Ag) X (Yl U YQ, By U BQ)]/Z) L]
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The following formulas express relations between the slant product and
the cup and cap products. We sketch proofs in which the Alexander-Whitney
diagonal approximation ¢ — Zi+j:deg «i0 @ 0; is used in A(X) and its tensor
product with itself

0 ®o — 2 (=1y0";0 ® j0') ® (0,_; ® dy_) dego =p,dego’ =gq
1,7
is used in A(X) ® A(Y).
4  Givenv € HY(X,A; G), u € HY((X,A") x (Y,B); G'), and z € H(Y,B; G"),
then, in H*n~o(X, A U A; G® G ® G),
v (u/z) =[(v X 1) ul/z

PROOF Let ¢} be a p-cochain of A(X), c¥ an n-cochain of AX) ® A(Y),
and o’ € Ay(Y). It suffices to prove that

c¥ w(ck/0)=[(ct ®1) v c¥]/d
If 6 € Apin_ofX), then

(c* U (c8/0), 0 = (ct, y0) ® (c}/0'0n_q)
c¥, p0) ® (c}, 0, ® ')
ct

&1, 50 ®g0") ®(c¥, 0, 4D )
(c¥®D)uck,o®0) =([(c¥®1)wck]/d,o)m

ot
NN AN N

5 Ifu¢ Hn(X,A) X (Y,B); G),v € H(Y,B’; G'), and z € H,(Y,B U B'; G"),
then, in H"@P(X,A; G ® G’ ® G”),

u/(v ~2) = [uw (1 X v)]/z

PROOF Let c¥ be an n-cochain of A(X) ® A(Y), c¢¥ be a p-cochain of A(Y),
and o’ € Ay (Y). It suffices to prove that
c¥/ et} ~o)=[c¥ v (1 ®cH)/d

If 0 € Ay_(g_p(X), then

(c¥/(ck ~ o), 0) ¥,o®(c} ~n0d))
¥,1®ck) A (o®o)
v (1®c%),0®d)
v(1®c%)/o,o) =

o

6 Given u ¢ HY((X,A) X (Y,B); G), w € H{X,A; G'), and z € H(Y,B; G"),
let p: X X Y — X be the projection to the first factor and let

T:-GOG'®CGE ->GRG R®G
interchange the last two factors. Then, in H,_,_o(X; G ® G’ ® G”),
Palt ~ (w X 2) = Ty [(4/2) ~ w]
PROOF Let c* be an n-cochain of A(X) ® A(Y), 0 € A(X), and o’ € ALY).
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Then

AP)c* A (0 ® o) = AP 2 (=1)\ N rio ® g-jo’) B (¥, 0; © o]

itj=n
= rn-gq0 ® (c*, 0n_q ® 0’)
= rn-q)0 ® (c* /0, On_g)
=(c*/d)~o =

For a topological space X let §(X) be the diagonal of X defined by
8(X) = {(xx) € X X X|x =«'}. Given u € HH(X X X, X X X — §(X); R)
and a pair (A,B) in X, define

yu: H(X — B, X — A; G) »> H"9(A,B; G)
by vu(z) = [u] (A,B) X (X — B, X — A)]/z (with R ® G identified with G).
If i: (A,B) C (A’,B) and j: (X — B, X — A’) C (X — B, X — A), it follows
from property 1 that there is a commutative diagram (all coeflicients G)

Hy(X — B, X — A’) > H"9(A'B)

j*l li*

Hy X — B, X — A)  H*9(A,B)

Thus v, is a natural transformation from He(X — B, X — A) to H"9(A,B) on
the category of pairs of subspaces and inclusion maps in X. 1t follows from
property 3 that v, commutes up to sign with the connecting homomorphisms
of relative Mayer-Vietoris sequences.

For a pair (A,B) in a topological space X we define a neighborhood
(U,V) of (A,B) to be a pair in X such that U is a neighborhood of A and V' is
a neighborhood of B. The family of all neighborhoods of (A,B) in X is directed
downward by inclusion. Hence

(Ha(U,V; G) | (U,V) a neighborhood of (A,B)}
is a direct system, and we define
He(A,B; G) = lim, {HY(U,V; G)}

where (U, V) varies over neighborhoods of (A,B) [or over the cofinal family of
open neighborhoods of (A,B)]. The restriction maps Hy(U,V; G) — HY(A,B; G)
define a natural homomorphism

i: A9(A,B; G) — H4(A,B; G)

The pair (A,B) is said to be tautly imbedded in X, or to be a taut pair in X

(with respect to singular cohomology), if i is an isomorphism for all g and G.

The definition of tautness can be formulated for any cohomology theory (or

any contravariant functor). We shall see examples later of a subspace taut

with respect to one cohomology theory but not with respect to another.
Following are some examples.

7 If (A,B) is an open pair, or, more generally, if it has arbitrarily small
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neighborhoods which are homotopy equivalent to (A,B), then (A,B) is a taut
pair in X.

8 LetA" = {(xy) € R2|x>0,y=sin1l/x},let A = {(x,y) € R2|x =0,
lyl <1}, andlet A = A" U A” C R2 Then A’ and A" are the path compo-
nents of A, and so H(A;Z) =Z @ Z. Since A is connected, in any open
neighborhood U of A in R2, A’ and A” must be in the same path component
of U (the path components of U are the same as the components of U because
Uis locally path connected). It follows that HY(A;Z) = lim_ {H(U,Z)}, where
U varies over the connected open neighborhoods of A in R2. Therefore
HY(A;Z) =~ Z and i: HY(A;Z) — H(A;Z) is not an epimorphism. Thus A is not
a taut subspace of R2 with respect to singular cohomology.

9 1emMma Let (A,B) be a pair in X. Then, if two of the three pairs (B, @),
(A, @), and (A,B) are taut in X, so is the third.

prooF This follows from the exactness of the cohomology sequence of a
triple, from the fact that a direct limit of exact sequences is exact, and from
the five lemma. =

Recall (exercise set 1.C) that a normal space X is an absolute neighbor-
hood retract if it has the property that whenever it is imbedded as a closed
subset of a normal space, it is a retract of some neighborhood. Also recall that
a space X is binormal if X X I (hence also X) is normal.

10 tHEOREM Any imbedding of an absolute neighborhood retract as a
closed subspace of a binormal absolute neighborhood retract is taut.

PROOF Assume A C X, where A and X are absolute neighborhood retracts
and A is closed in the binormal space X. There is a neighborhood U of A in
X such that A is a retract in U. Then H* (U ) — H*(A) is an epimorphism,
and this implies that

i H*(A) — H* (A)

is an epimorphism.

To show that it is also a monomorphism, let U be an open neighborhood
of Ain X. There is a closed neighborhood U’ of A in U of which A is a retract.
Let r: U"— A be a retraction and define a map

F(UX0OU@AXDUU X1 —U

by F(x,0) = x and F(x,1) = #(x) for x € U’ and F(x,t) = xforx € Aand t € L.
Because A is closed in X, (U" x 0) U (A X I) U (U’ X 1)is closed in U’ X I,
the latter being a normal space because it is a closed subset of the normal
space X X I. Since U is an open subset of the absolute neighborhood retract X,
it follows (see exercise 1.C.4) that U is an absolute neighborhood retract and
F can be extended to a map F: N— U, where N is a neighborhood of
(UUx0)U (A XxI)U (U x1)in U x I. N contains a set of the form V X I,
where V is a neighborhood of A in U, and F' | V X I is a homotopy from the
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inclusion map j: VC U to k', where ¥ =r|V: V— A and k: A C U.
Therefore there is a commutative triangle

H*(U) 25 H*(A)
j*\ /r’*
H*(V)

which shows that ker k* C ker j*. Thus, if an element in H* (U ) restricts to 0
in H*(A), it restricts to 0 in H* (V') for some smaller neighborhood V, hence
it represents 0 in lim_, {H*(U)} = H*(A). Therefore i: H*(A) — H*(A) is
a monomorphism and A is tautin X. =

Il cororrary If A, B, and X are compact polyhedra, any imbedding of
(A,B) in X is taut.

proor This follows from the fact (exercise 3.A.1) that a compact polyhedron
is an absolute neighborhood retract and from theorem 10 and lemma 9. =

One reason for introducing the modules H%(A,B; G) is the following
result, which asserts that any pair (A,B) in X is taut with respect to the
functor He.

12 turoreEm As U wvaries over the neighborhoods of A, there is an
isomorphism

lim, {H(U;G)} = HY(A;G)
PROOF  Restricting U to the cofinal family of open neighborhoods, we have

He(U;G) = H9(U;G), and the limit on the left is, by definition, equal to the
module on the right. =

If (A,B) and (A’,B’) are pairs in X and (U,V) and (U, V') are respective
open neighborhoods, there is a relative Mayer-Vietoris sequence of
{(U,V), (U, V')}. As (U,V) and (U’, V') vary over open neighborhoods of (A,B)
and (A",B’), respectively, (U U U’, V U V') varies over a cofinal family of neigh-
borhoods of (A U A’, B U B'). If (A,B) and (A’,B’) are closed pairs in a nor-
mal space X, it is also true that (U N U’, V. N V’) varies over a cofinal family
of neighborhoods of (A N A’, B N B'). Because the direct limit of exact
sequences is exact, we obtain the following result, which is another reason for
our interest in the modules H* (A,B).

13 tHEOREM If (A,B) and (A',B’) are closed pairs in a normal space X,
there is an exact relative Mayer-Vietoris sequence (for any coefficient
module G)
- — HYA U A", BU B') — H%A,B) ® Hi(A',B') —
HANA,BNB)— ... =
Given u € H"(X X X, X X X — §(X); R), as (U, V) varies over neighbor-
hoods of (A,B), the homomorphisms

Yu: H(X — V, X — U; G) —» H (U, V; G)
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define a homomorphism
im, {Hy(X — V, X — U; G)} — lim., {H*9(U,V; G)}

Because singular homology has compact supports, if X is a Hausdorff space
the limit on the left is isomorphic to Hy (X — B, X — A; G). Therefore we
obtain a natural homomorphism

Ju: H(X — B, X — A; G) — H"9(A,B; G)

such that if (U,V) is a neighborhood of (A,B), there is a commutative diagram
(all coeflicients G)

HyX — V,X — U) — HyX — B, X — A)
vl IRAANG
Ha(U,V) — H9(A,B) %> Hr~9(A,B)

If (A,B) and (A’,B’) are closed pairs in a normal space X, then y, maps the
exact Mayer-Vietoris sequence of the couple of open pairs

(X — B, X —A),(X - B,X —A"))

into the exact Mayer-Vietoris sequence of theorem 13 in such a way that each
square is commutative up to sign.

2 BUALITY IN TOPOLOGICAL MANIFOLPS

This section is devoted to a study of homology properties of topological
manifolds. Over a connected manifold as base space there is a fiber-bundle
pair called the homology tangent bundle. An orientation class of this bundle
gives rise to a duality in the manifold asserting that the cohomology of
a compact pair in the manifold is isomorphic to the homology of its comple-
ment. This duality theorem is proved by using the orientation class and the
slant product to define a natural homomorphism from homology to cohomology.
The resulting homomorphism is shown to be an isomorphism by proving it
first in euclidean space and then in an arbitrary manifold using the piecing-
together technique based on Mayer-Vietoris sequences.

A topological n-manifold (without boundary) is a paracompact Hausdorff
space in which each point has an open neighborhood homeomorphic to R»
(called a coordinate neighborhood in the manifold). Following are some
examples of n-manifolds.

I Rrand $* are n-manifolds.
2 An open subset of an n-manifold is an n-manifold.

3  The product of an n-manifold and an m-manifold is an (n + m)-manifold.
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4  Pris an n-manifold, P,(C) a 2n-manifold, and P,(Q) a 4n-manifold for all
n. In fact, if X denotes one of these spaces and is coordinatized by homogene-
ous coordinates [to,t1, . . . ,f], then for each 0 < i < n the subset A; C X
of points having ith coordinate 0 is a projective space of dimension n — 1 and
X — A; is homeomorphic to R, R2, or R4, respectively. Hence, X — A; is a
coordinate neighborhood of X, and X is covered by these n + 1 coordinate
neighborhoods.

5 vremMa In an n-manifold X each point x has an open neighborhood V
such that (V X X, V X X — §(V)) is homeomorphic to V X (X, X — x) by a
homeomorphism preserving first coordinates.

PROOF Let U be a coordinate neighborhood containing x. Without loss of
generality, we can suppose that there is a homeomorphism ¢: U = R” such
that p(x) = 0. Let D' = {z € R*| ||zl < 2} and V' = {z € R"]| |z|| < 1} and
define D = ¢~}(D’) and V = ¢~ {(V"). Then V is an open neighborhood of x
contained in the compact set D. If (x',x”) € V X D — 8(V), there is a unique
point z””" € R* such that f|z’|| = 2 and ¢(x"’) belongs to the closed segment
from @(x') to 2" If p(x”) = te(x') + (1 — t)z""’, with¢t € Lleth(x'x") € D — x
be the point such that @h(x’,x”) = (1 — t)z’”, as illustrated

D D’
and define h(x’,x’) = x. A homeomorphism
(VX X, VXX -X) =VX(X,X—-x
having the desired properties is defined by
vwa) = {Eii:xl:Zx’,x”)) z:: g 11; =
It follows from lemma 5 that if x' € V then (X, X — «’) is homeomorphic
to (X, X — x). Hence we obtain the following result.

6 coroLLARY In a connected n-manifold X the group of homeomorphisms
acts transitively; in particular, the topological type of (X, X — x) is independ-
ent of x. Furthermore, projection to the first factor p: X X X - X is the pro-
jection of a fiber-bundle pair (X X X, X X X — 8(X)) with fiber pair
(X, X—x). =

If Vis a coordinate neighborhood of x in an n-manifold X, the couple
{V, X — x} is excisive, and so there is an excision isomorphism
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Hy(V, V—1x;,G) = Hy (X, X — x; G)
Since H, (V, V — x; G) = Hy (R", R* — 0; G), it follows that

0 qFn

Hq(X,X—x;G):{G -

and so the fiber pair (X, X — x) of the fiber-bundle pair of corollary 6 has the
same homology as (R?, R* — 0). For this reason the fiber-bundle pair of corol-
lary 6 will be called the homology tangent bundle of X (the tangent bundle
itself is an n-plane bundle defined if X is a differentiable manifold and having
homology properties isomorphic to those of the homology tangent bundle).

A connected n-manifold X is said to be orientable (over R) if its
homology tangent bundle is orientable [that is, if there exists an element
Ue H X X X, X X X — 8(X); R) such that forall x € X, U|x X (X, X — x)
is a generator of H*(x X (X, X — x); R)]. Such a cohomology class U is called
an orientation of X. An n-manifold X (which is not assumed to be connected)
is said to be orientable if each component is orientable, and an orientation of
X is defined to be a cohomology class U € HM(X X X, X X X — §(X); R)
whose restriction to each.component is an orientation of that component.

7 ExampLE For R” the fiber-bundle pair (R* X R", R* x R* — §(R")) is
trivial, because the map

flz7) = (3,72 — 2)
is a homeomorphism f: (R* x R?, R* X R* — §(R")) = R» x (R», R» — 0)
preserving first coordinates. Therefore R” is an orientable n-manifold.

The results of Sec. 5.7 dealing with the homology properties of sphere
bundles carry over to the homology tangent bundle. We list some of these
explicitly.

8 Two orientations U and U’ of a connected manifold X are equal if and
only if for some xp € X

U[xOX(X,X—xO):U’|xo><(X,X-—xo) u
9  Any manifold has a unique orientation over Z,. ®

10 A simply connected manifold is orientable over any R. =

11 An n-manifold X is orientable if and only if there is an open covering
{V} of X and a compatible family {Uy € HYV X X, V. X X — 6(V); R)},
where Uy corresponds to an orientation of V under the excision isomorphism

H(VX X, VXX —8V); R ~H(VXV,VXV—§V),R) =

The duality theorem asserts that if U € HYX X X, X X X — 8(X); R) is
an orientation of X, then for any compact pair (A,B) in X, ¥y is an isomorphism
of H(X — B, X — A; G) onto H* 9(A,B; G). We prove this first for R” by a
sequence of lemmas.



SEC. 2 DUALITY IN TOPOLOGICAL MANIFOLDS 295

12 Lemma Let A C R* be homeomorphic to a simplex and let ao € A.
Then Hy(R"® — ag, R* — A; G) = 0 for all g and G.

proOF Regarding R” as an open subset of S», there is an excision isomorphism
H,(R" — ag, R* — A; G) = Hy(S* — ao, S* — A; G). Because Sn— ag is
homeomorphic to R?, Hy(S" — ao; G) = 0. From lemma 4.7.13 and the
universal-coefficient formula, H,(S" — A; G) = 0. The lemma now follows from
exactness of the reduced homology sequence of the pair (S* — ag, S* — A). =

13 cororLLarRy If A C R is homeomorphic to a simplex and U is an
orientation of R" over R, then for all g and R modules G

yu: Hy(R?, R — A; G) = H9(A;G)
PROOF Let ay € A and consider the diagram (all coeflicients G)

- — Hy R — ag, R* — A) — Hy(R*, R* — A) — Hy(R", R* — ag) - Hy_1(R* — ap, R" — A) — -+
‘ni Yzl vrl Yl'i

. Hvq(Aag) —  H™4A) — H*9(ag) - H™iAg) o e

The rows are exact, and each square either commutes or anticommutes.
Since A is contractible, H* (A,ao) = 0. Using lemma 12, we see that trivially
yu: HyR" — ag, R* — A) =~ H""9(A,qo). By the five lemma, to complete the
proof we need only verify that yy: Hy(R", R® — ao) = H""9(ao). Because U is
an orientation, U | [ag X (R?, R* — ag)] = 1 X u, where u € H*R", R" — aq; R)
is a generator. By property 6.1.2,
Yufz) = (u,z)1

Since u is a generator of H*(R?, R* — ao; R) = Hom (H,(R", R" — ao; R), R),
it follows that the map z — (u,z) of Hy(R", R® — ao; R) to R is an isomor-
phism; and hence so is yy: Hy(R", R* — ao; R) = HOaq;R). If g£n, it is
trivially true that yy: Ho(R”, R® — ag; R) = H" %(ao;R), since both modules
are trivial. =

14 tHEOREM If U is an orientation of R™ over R and (A,B) is a compact
polyhedral pair in R", then for all q and all R modules G there is an
isomorphism

yu: H(R" — B, R* — A; G) = H" 9(A,B; G)
PROOF Because of the naturality properties of vy, it suffices to prove this for
the case where B is empty. The theorem follows for A from corollary 13 by

induction on the number of simplexes in a triangulation of A, using Mayer-
Vietoris sequences and the five lemma. =

15 cororLary If U is an orientation of R over R and (A,B) is a compact
pair in R", then for all g and R modules G there is an isomorphism

Ju: H(R" — B, R" — A; G) = H"9(A,B; G)

prROOF  Since the family of compact polyhedral pairs is cofinal in the family
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of all neighborhoods of a compact pair (A,B) in R, the corollary follows from
theorem 14 by taking direct limits. =

Because of the commutativity of the triangle
Hy(R" — B,R* — A; G)
NG
A" 9(A,B; G) - H"9(A,B; G)
it follows from theorem 14 and corollary 15 that any imbedding of a compact
polyhedral pair in R is taut (which is also a consequence of corollary 6.1.11).

As an immediate result of corollary 15, we obtain the following Alexander
duality theorem.

16 TtHEOREM If A is a compact subset of R, then for all ¢ and R modules G
HyRr — A; G) = H971(A;G)

PROOF Because H, (R%;G) = 0, there is an isomorphism

Og: Hoa(RY, R — A G) = Hy(R* — A; G)
The result is obtained by composing the inverse of this isomorphism with the

isomorphism of corollary 15. =

For general orientable manifolds there is the following duality theorem.

17 tHeorREM Let U be an orientation over R of an n-manifold X and let
(A,B) be a compact pair in X. Then for all ¢ and R modules G there is an
isomorphism
Ju: HyX — B, X — A; G) = H"9(A,B; G)
PROOF Because of the naturality properties of yy, it suffices to prove the
theorem for the case where B is empty. If A is contained in some coordinate
neighborhood V of X and U' = U[(V X V, VX V — §(V)) is the induced
orientation of V, there is a commutative triangle (all coeflicients G)
Hy(V, V= A) o HyX, X — A)
YU'\ \/YU
Hr—a(A)

By corollary 15, ¥ is an isomorphism, hence ¥y is also an isomorphism. The
result for arbitrary compact A follows by induction on the finite number of

coordinate neighborhoods needed to cover A, using naturality of yy, the usual
Mayer-Vietoris technique, and the five lemma. =

In case X is compact, by applying theorem 17 to the pair (X, ) and
observing that i: HY(X;G) =~ HY(X;G), we obtain the following Poincaré
duality theorem.
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18 tHeEorREM If U is an orientation over R of a compact n-manifold X,
then for all g and R modules G there is an isomorphism

Yo H(X;G) = H9(X;G) =

A pair (X,A) is called a relative n-manifold if X is a Hausdorfl space, A is
closed in X (A may be empty), and X — A is an n-manifold. For relative
manifolds there is the following Lefschetz duality theorem.

19 tHeEOREM Let (X,A) be a compact relative n-manifold such that X — A
is orientable over R. For all g and R modules G there is an isomorphism

Hy(X — A; G) = H»9(X,A; G)

PROOF Let {N} be the family of closed neighborhoods of A directed down-
ward by inclusion. There are isomorphisms

Hm, (H(X — N; G)} = Hy(X — A; G)
lim., {H"9X,N; G)} = H"9(X,A; G)

the first because singular homology has compact supports and the second as a
consequence of theorem 6.1.12. Let V be an open neighborhood of A with V
contained in the interior of N and let U be an orientation of X — A over R. By
theorem 17 and standard excision properties, there are isomorphisms (all
coefficients G)

HX = N) = H((X = A) = (N=V), (X - A) - (X -V))

H9(X,N) = H" X — V,N — V)
which yield the result on passing to the limit. =

An n-manifold X with boundary X is a paracompact Hausdorff space
such that (X,X) is a relative n-manifold and every point x € X has a neighbor-
hood V such that (V, V N X) is homeomorphic to R*1 x (I,0). Since X may
be empty, the concept of manifold with boundary encompasses that of mani-
fold without boundary.

If X is an n-manifold with boundary X, then X has neighborhoods N such
that (N,X) is homeomorphic to X X (1,0).! Such a neighborhood N is called a
collaring of X, and its interior is called an open collaring of X. (In case X is
compact, any neighborhood of X contains a collaring of X.) Because of the
existence of such collarings, X — X is a weak deformation retract of X, and
the pair (X — X) X (X — X), (X — X) X (X — X) — §(X —X)) is a weak
deformation retract of (X X X, X X X — §(X)).

An n-manifold X with boundary X is said to be orientable over R if
X — X is orientable over R. An orientation over R of X is a class

1See M. Brown, Locally flat imbeddings of topological manifolds, Annals of Mathematics,
vol. 75, pp. 331-341, 1962.
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U HY(X X X, X X X — §X); R) whose restriction to (X — X) X (X — X),
(X — X) X (X —X) — §(X — X)) is an orientation of X — X over R. For
manifolds with boundary the Lefschetz duality theorem takes the following
form.

20 TtHEOREM Let X be a compact n-manifold with boundary X and orien-
tation U over R. For all g and R modules G there are isomorphisms (where
i X —-XCX)

Hy(X;G) <& H X — X; G) X Hn~ a(xx G)

Hy(X,X; G) 2 Hro(X — X; G) H(X;G)
PROOF Because j is a homotopy equ1valence e and j* are isomorphisms.
Let N be a collaring of X with interior N. Let U’ be the orientation of X — X
obtained by restricting U. In the following commutative diagram each hori-

zonal map is induced by inclusion and is an isomorphism because it is an
excision (labelled e) or a homotopy equivalence (labelled k) (all coefficients G):

HyX = X) £ H(X —N) & Hf(X = X) = (N = N), (X = X) — (X = N))

YU\L YL'l \L'Yl»"
Hv9(X,X) < Hv9(X,N) £ HvaX — N,N — N))
Because (X — N, N — N) has arbitrarily small neighborhoods of which it is a
deformation retract i: A»-9(X — N, N — N) = Ho(X — N,N — N), and it
follows from theorem 17 that the right-hand vertical map is an isomorphism
(because it corresponds to the isomorphism ). Therefore the left-hand

vertical map is also an isomorphism proving the first part of the theorem.
Similarly, there is a commutative diagram

HyXX) 5 HyX,N) EHEX-X(X-X-X-N)
wi Yui \Lw
H—o(X — X) & Hra(X — N) <& HvoX — N)

Because X — N has arbitrarily small neighborhoods of which it is a deforma-
tion retract, it follows from theorem 17 that the right-hand vertical map is an
isomorphism. Therefore the left-hand vertical map is also an isomorphism,
proving the second part of the theorem. =

From the isomorphisms of theorem 20 and the universal-coefficient
theorem for homology, we obtain a short exact sequence

0 — HYX;R) ® G £ HY(X;G) — He*1(X;R) * G — 0

and a similar short exact sequence for H¢(X,X; G). Since this is so for every
R module G, from theorem 5.5.13 we have the following result.

21 coroLLaRY If X is a compact n-manifold with boundary X orientable
over R, then Hy, (X;R) and H, (X,X; R) are finitely generated. =
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Later in the chapter (see theorem 6.9.11) we shall prove that corollary 21
is also valid for nonorientable manifolds.

3 THE FUNDAMENTAL CLASS OF A MANIFOLD

In view of the importance of the concept of orientability of manifolds, we
shall now investigate some equivalent formulations. We shall show that a
compact connected n-manifold is orientable if and only if its n-dimensional
homology module is nonzero. In fact, any orientation class of the manifold
will be shown to correspond to a generator of the n-dimensional homology
module. Moreover, if z is the element of H, corresponding to the orientation,
then the cap product of z and a cohomology class defines a homomorphism
which equals, up to sign, the inverse of the duality isomorphism. The methods in
this section rely heavily on the technique of piecing together homology classes,*
analogous to the piecing together of cohomology classes in lemma 5.7.16.

Let X be a space, X’ a subspace of X, and @ = {A} a collection of sub-
sets of X — X'. A compatible @ family is a family {z4 € Hy(X, X — A; G)}
(for some fixed ¢ and G) indexed by @ such that if A, A" € &, then z4 and 24
map to the same element of Hy(X, X — A N A’; G) under the homomorphisms

HyX, X — A; G) — Hy(X, X — A N A’; G) « Hy(X, X — A’; G)

The compatible @ families form a module with respect to componentwise
operations that will be denoted by H§(X,X’; G). For the collection & of all
compact subsets of X — X’ we use H,¢(X,X'; G) to denote the corresponding
module.

We are interested in the module H,¢(X,X; R) for an n-manifold X with
boundary X. The following lemma is important in this connection.

1 rEmMa Let X be an n-manifold with boundary X and let A be a com-
pact subset of X — X. For all R modules G

H(X,X—A;G) =0 qg>n

PROOF Assume first that A is contained in some coordinate neighborhood V
in X — X. By excision, Hy(V, V — A) = Hy(X, X — A), and since V is homeo-
morphic to R”, we can use corollary 6.2.15 to obtain

H,(V,V — A) = H"9A) = 0 qg>n
For arbitrary compact A the result follows by induction on the number of co-

ordinate neighborhoods needed to cover A, using Mayer-Vietoris sequences. =

In an n-manifold X with boundary X a small cell in X — X is defined to
be a compact subset A having an open neighborhood V C X — X such that

1 This technique can be found in H. Cartan, Méthodes modernes en topologie algébrique,
Commentarii Mathematici Helvetici, vol. 18, pp. 1-15, 1945.
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(V,A) is homeomorphic to (R,E"). Every point of X — X has arbitrarily small
neighborhoods which are small cells. If A and V are as above, there is an
excision isomorphism

0 qF#n

Hq(X,X~A;G):Hq(V,V—A;G):{G i n

If xo € A, then the inclusion map induces isomorphisms
HyX, X — A; G) = Hy(X, X — 205 G)

We use H,(X,X; G) to denote the module of compatible @ families, where @
consists of the collection of small cells of X — X. Since the collection of small
cells is contained in the collection of compact subsets of X — X, there is
a natural homomorphism

He(XX; G) — Hpe(X X; G)
which assigns to a compatible family {z4} indexed by all compact A the com-
patible subfamily of elements indexed by small cells.
2 emma Let X be an n-manifold with boundary X. Then, for all G
H,(X,X; G) = H,5°(X,X; G)

prooF For each positive integer i let &; be the collection of compact subsets
of X — X contained in the union of i small cells. Then @ C @, and U @ is
the collection of all compact subsets of X — X. There are homomorphisms

.- H$v —» H% — ... - HH — Hps¢

and an isomorphism H,¢ = lim {H }.

Since every element of @ is contained in some small cell, it is obvious
that H =~ H,sc. By the usual Mayer-Vietoris technique and lemma 1, it
follows that for any i > 1 Hy++ =~ H§ . Combining these isomorphisms
yields the result. =

This gives the following important result.

3 TEOREM Let X be an n-manifold with boundary X and let
{24} € H{(X,X; G)
(@) {z4} = 0ifand onlyifz, = 0 forallx € X — X.
(b) If X is connected, {z4} = 0if and only if z, = 0 for some x € X — X.

PROOF (a) follows from lemma 2 and the observation that if A is a small cell
and x € A, then

Ho(X, X — A; G) = Hy(X, X — x; G)

and so z4 = 0 if and only if z, = 0.
To prove (b), assume 2z, = 0 for some xp € X — X. Because X is
connected, so is its weak deformation retract X — X. This implies that if
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x € X — X, there is a finite sequence of small cells Ay, . . . , Apin X — X
such that xo € A; and x € A,,, and A; meets A;,; for 1 < i < m. Choose a
point x; € A; N Aj,q for 1 < i < m. There are isomorphisms

Hy(X, X — x0) <z Ho(X, X — A1) o Ho(X, X — 1) < -+~
< Ho(X, X — Ap) o Hy(X, X — x)

from which it follows that if z,, = 0, then z, = 0. Since this is so for all
x € X — X, the result follows from (a). =

If X is an n-manifold with boundary X, a fundamental family of X over
R is an element {24} € H,°(X,X; R) such that for all x € X — X, zpis a gener-
ator of Hy(X, X — x; R). The relation between fundamental families and
orientations is made precise in the next result.

4 THEOREM Let X be an n-manifold with boundary X. There is a one-to-
one correspondence between orientations U (over R) of X and fundamental
families {z4} (over R) of X such that U and {z4} correspond if and only if
yu(za) = 1 € HY(A;R) for all compact A in X — X.

prooF If U is an orientation of X, let U’ be the induced orientation of
X — X. For any compact A C X — X we have the commutative diagram (all
coeflicients R)

Ho(X,X — A) 2 Hy(X — X, (X = X) — A)
YU\L ‘/; i?u
HO@A) < HA)

By theorem 6.2.17, the right-hand vertical map is an isomorphism, and since
1 € HO(A) is the image of 1 € H(A), there is a unique z4 € Hy(X, X — A)
such that yrrj, “1(24) = 1 € HO(A). Because of the uniqueness of z4 and the
naturality of yy and Vg, the collection {z4} is a compatible family. From the
commutativity of the above diagram, yy(z4) = 1 € HO(A) for all compact A
in X — X. Hence we need only verify that {z,4} is a fundamental family. In
case A = g, it follows from the commutativity of the above square and the
fact that i: HO(x) =~ H(x) that yrp: H,(X, X — x) = H°(x). Therefore
2z = Yu (1) is a generator of Hy(X, X — x). Hence {24} is a fundamental
family with the desired property, and the collection {z;}..x-x (and hence, by
theorem 3a, {z4}) is uniquely characterized by the property yu(z,) = 1 € HO(x).

Conversely, given a fundamental family {z4}, let V be any open subset
of X — X homeomorphic to R". If xg € V, then H*(V;R) = H* (xo;R), which
implies that

H*(VX X, VXX~ 8V); R) = H*(xo X (X, X — x0); R)

Ifue H(V x X, VX X — 8(V); R), it follows from the Kiinneth formula
for cohomology (theorem 5.6.1) that u|xo X (X, X —x9) =1 X ¢’ for a
unique v’ € HY(X, X — xo; R) = Hom (H,(X, X — x¢; R), R). By property 6.1.2,
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[u]xo X (X, X — x0)]/7z, = (U 25,01

Since zg, is a generator of Hy(X, X — x¢; R), (u',z5,) completely determines
u’. Therefore there is a unique element U € H*(V x X, V X X — §(V); R)
such that [U]xg X (X, X — x0)]/2z, = 1 € H%xg;R).

We now show that for any x € V, [U|x X (X, X — x)]/2, = 1 € H(x;R).
If x and «" belong to a small cell A C V, then z4 maps to z, and to z,.
Therefore | U}A X (X, X — A)]/z4 € HY(A;R) maps to [U|x X (X, X — x)]/z,
and to [U |x" X (X, X — x')]/z, by naturality of yy. Since HO(A R) =~ HO%(x;R)
and HO(A;R) =~ HO(x';R), it follows that both [U|x X (X, X — x)]/z; =
1 € H'x;R) and [U | x" X (X, X — «)]/z, = 1 € HO(x';R) or neither equation
is true. Hence the set of x € Vfor which [U|x X (X, X — x)]/2, = 1 € H%x;R)
is open and its complement in V is open. Since V is connected and
[Ulxo X (X, X — x0)]/2z, = 1, it follows that [U]x X (X, X — x)]/z, = 1
forallx € V.

This means that U is an orientation of V, and if U’ is a similarly defined
orientation for another coordinate neighborhood V’in X — X, then for any
xeVNV, Ulx X (X, X —x) = U'|x X (X, X — x). This implies that U
and U’induce the same orientation of V N V’. Hence the collection { Uy} for
coordinate neighborhoods V in X — X is compatible. Therefore there is an
orientation U of X such that U|(V X X, VX X — §(V)) = Uy. From the
construction of Uy we see that yy(z;) = 1 € HO(x;R) for all x ¢ X — X. By the
first half of the proof, there is a fundamental family {z}} such that
yu(z4) = 1 € H*(A;R). Then z, = z, for all x € X — X, and by theorem 3a,
24 = z4 for all compact A C X — X. Therefore yy(z4) = 1 € H(A;R) for all A,
proving that every fundamental family {z4} corresponds to some orientation U.

The orientation U is uniquely characterized by the fundamental family
{24}, for if U and U’ are two orientations of X such that yy(z;) = yu(z,) for all
x€EX—X,thenU|x X (X, X —x)=U'|x X (X, X —x)forallx € X — X.
Therefore, by lemma 5.7.13, U= U". =

This last result gives the following useful characterization of orientability
for connected manifolds.

5 THEOREM Let X be a connected n-manifold with boundary X. If
H,¢(X,X; R) % 0, then H,*(X,X; R) =~ R and any generator is a fundamental

family of X.
PROOF From theorem 3b it follows that, given xo € X — X, the homomorphism
H,e(X,X; R) — Hy(X, X — x0; R)

sending {24} to zg, is a monomorphism. Since H,(X, X — xo; R) = R, either
H,*(X,X; R) = 0 or H,%(X,X; R) = R. Assume H,(X,X; R) =~ R and let {4}
be a generator of H,°(X,X; R). Assume that for some x € X — X, 2, is not a
generator of H,(X, X — x; R). There is then a noninvertible element r € R
such that z, = rz; for some z; € Hy(X, X — x; R). It follows that for any small
cell A containing x, z4 = rz4 for some z4 € Hy(X, X — A; R). Because X
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is connected, it follows, as in the proof of theorem 3b, that for any small cell
AinX — X, z4 = 124 forsome 2z € H,(X,X — A; R). If A’isasmall cellin A,
then 1z maps to rzy in H,(X, X — A’; R). Because H,(X, X — A’; R) is
torsion free, by lemma 1, z; maps to zjy. Therefore {z4} € H,¢(X,X; R).
By lemma 2, it follows that the original element {z4} € H,°(X,X; R) is divisible
by the element r € R. Since r is not invertible, this contradicts the hypothesis
that {24} is a generator of H,¢(X,X; R). =

6  cororLLary If X is a connected n-manifold with boundary X, then X is
orientable over R if and only if H,*(X,X; R) 5 0.
pROOF  This is immediate from theorems 4 and 5. =

We now specialize to the case of a compact manifold.

7 1wemma If X is a compact n-manifold with boundary X, there is an
isomorphism

H,(X,X; G) =~ Hy8(X.X; G)
sending z € H,(X,X; G) to {z4 = image of zin Hy(X, X — A; G)}.
prROOF Let V be an open collaring of X and let B = X — V. Then B is com-
pact and there is a homomorphism
HnC(X,X; G)— H,(X, X — B; G)
sending {24} to zp. Since X — B =V and (X,X) C (X,V) is a homotopy
equivalence, the composite
Ha(X,X; G) — H8(X,X; G) — Hy(X, X — B; G)

is an isomorphism. To complete the proof we need only show that the right-
hand map is a monomorphism. Assume that {z4} is a compatible family such
that zg = 0 and let A be any compact set in X — X. There is then an open
collaring V' of X such that V' C Vand V' is disjoint from A. Let B = X — V.
Then A, B C B/, and we have homomorphisms (all coeflicients G)

Ho(X, X — A) « Hy(X, X — B) = Hy(X, X — B)

the second map being an isomorphism because (X,V’") C (X,V) is a homotopy
equivalence. Since zp = 0, zp = 0 and z4 = 0. Therefore {z4} =0 in
He (X X; G). =

8 coroLLARY A compact connected n-manifold X with boundary X is
orientable over R if and only if Hy(X,X; R) 5= 0.

proOF This is immediate from corollary 6 and lemma 7. =

If X is a compact n-manifold with boundary X, a fundamental class over
R of X is an element z € H,(X,X; R) whose image in H,%(X,X; R) under the
isomorphism of lemma 7 is a fundamental family [that is, for every x € X — X
the image of z in H,(X, X — x; R) is a generator of the latter].
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9 THEOREM If X is a compact n-manifold with boundary X, there is a
one-to-one correspondence between orientations U over R and fundamental
classes z over R such that U corresponds to z if and only if yi(z) = 1 € HY(X;R).

PROOF This follows from theorem 4 and lemma 7 on observing that an
element v € HY(X;R) equals 1 if and only if v|x =1¢ Hx;R) for all
x€EX—-X =

10 cororLary If X is a compact n-manifold with boundary X, then if X
is orientable, so is X, and any fundamental class of X maps to a fundamental
class of X under the connecting homomorphism

g1 Ho(X,X; R) — H,_1(X;R)

PROOF Let N be a collaring of X with interior N. Then N is an n-manifold
with boundary X U (N — N), and there is a commutative diagram (all

coeflicients R)
H,(X,X) LN Hy(X, XU (X~ N))
% | W=
Ho t(X) 225 Hyf(X U (N — B),N — N) <4 HuN,X U (N = N))
It is clear from the definition of fundamental class that if z € H,(X,X) is a
fundamental class of X, then j, ~li,z = 7’ is a fundamental class of N. Because

N is homeomorphic to X x Iin such a way that X and N — N correspond to
X x 0 and X X 1, respectively, the Kiinneth formula implies

Hu(N, X U (N — N)) = H,_y(X) ® Hy(LI)

Let w € Hy(LLI) be a generator and let {X]} be the components of X.
Then 2z’ corresponds to 2 zj X w for some zj € H,_ 1(X;), and ky 1047 =
+2 7. Hence 942 = =3z}, and since z is a fundamental class of X,
Z; X w corresponds to a fundamental class of X; X I Therefore zj is non-
zero and is a generator of H,_1(X;). Then z} is a fundamental class of X;,
whence =2 z; = 9,z is a fundamental class of X. =

We are now heading toward a proof that cap product with a fundamental
class is an isomorphism which, up to sign, is inverse to the duality isomorphism
in a compact manifold. First we need a lemma.

Il Lemma Let X be a compact orientable n-manifold with boundary X
and let py1, p2: X X X — X be the projections. Given

u € Hi(X X X, X X X — 8(X); R), 2 € Hn(X X X, X X X — 8(X); G),
and v € H(X;G), then

Pix(t M 2) = pog(u~z) in Hypo(X;G)
uvwpto=uwv pdo in Hotr(X x X, X X X — §(X); G)

PROOF Let T: (X X X, X X X — 6(X)) > (X X X, X X X — §(X)) be the



